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ON THE GEOMETRY OF MODULI SPACES OF 
HOLOMORPHIC CHAINS OVER COMPACT 
RIEMANN SURFACES 

L. ALVAREZ-CONSUL, O. GARCIA-PRADA, AND A.H.W. SCHMITT 

Abstract. We study holomorphic (n + l)-chains ^ E„_i ^ 

■ ■ ■ Eq consisting of holomorphic vector bundles over a compact 
Riemann surface and homomorphisms between them. A notion of 
stability depending on n real parameters was introduced in [1] and 
moduli spaces were constructed in [22, 24]. In this paper we study 
the variation of the moduli spaces with respect to the stability pa¬ 
rameters. In particular we characterize a parameter region where 
the moduli spaces are birationally equivalent. A detailed study is 
given for the case of 3-chains, generalizing that of 2-chains (triples) 
in [6]. Our work is motivated by the study of the topology of mod¬ 
uli spaces of Higgs bundles and their relation to representations of 
the fundamental group of the surface. 
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1. Introduction 


Let A be a compact Riemann surface of genus g >2. A holomorphic 
{n + l)-chain over X is an object 


En 




01 


E, 


0 


consisting of holomorphic vector bundles Ej on X, j = 0, ...,n, and 
homomorphisms 0*: E, —>■ Ej_i, i = The ranks and degrees 

of Ej dehne the type of the chain. A notion of stability for (n -|- 1)- 
chains, depending on n real parameters ctj, has been introduced in [1] 
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and moduli spaces have been constructed in [22, 24], These objects 

generalize the holomorphic triples Ei —^ Eq introduced in [10, 4], 
The variation of the moduli spaces of holomorphic triples with respect 
to the stability parameter a has been studied in [6], where a birational 
characterization of the moduli space has been given. It turns out that 
the moduli space of a-stable triples is empty outside of an interval 
(ttra, Oiu) where the bounds are determined by the type of the triple, 
and um = cxd if the ranks of Eq and Ei are equal. The main result 
in [6] is that for a G {am, aj^i) and a > 2g — 2, the moduli space of 
a-stable triples is non-empty, smooth and irreducible. 

In this paper we undertake a systematic study of holomorphic (n-|-l)- 
chains for arbitrary n. We study the parameter region where the moduli 
spaces may be non-empty. This region is partitioned into chambers and 
we study the variations in the moduli space as we cross a wall. We show 
that the region is bounded by n hyperplanes, which play the role of am 
in the case of triples. The determination of other bounding hyperplanes 
— the analogues of aM — is more difficult and is only done in some 
cases. However, we characterize a region where the moduli spaces of 
chains of a given type are birationally equivalent. It turns out that, 
similarly to the case of triples, the stability parameters o;* must satisfy 
ai — ai-i > 2g — 2. After developing the general theory, we study 
in more detail the case of 3-chains and hnish the paper giving the 
birational characterization of the moduli spaces for some special values 
of the ranks. 

Our main motivation to study this problem comes from the theory 
of Higgs bundles on a Riemann surface X and its relation to represen¬ 
tations of the fundamental group of X. By results of Hitchin [15], Don¬ 
aldson [8], Simpson [25], and Corlette [7], the moduli space of reductive 
representations of the fundamental group of X in a non-compact reduc¬ 
tive Lie group G can be identified with the moduli space of polystable 
G-Higgs bundles. As shown by Hitchin, the L^-norm of the Higgs held 
with respect to the solution of the Hitchin equations dehnes a proper 
function on the moduli space of G-Higgs bundles, which in many cases 
is a perfect Morse-Bott function. Hence the study of the topology of 
the moduli space of Higgs bundles, such as Betti numbers, reduces to 
the study of the topology of the critical subvarieties of the Morse func¬ 
tion. It turns out [25, 1] that for G = GL(n, C) and G = U(p, q) these 
critical subvarieties correspond precisely to moduli spaces of (n -1- 1)- 
chains for different values of n and for certain values of the stability 
parameters, namely at — ai-i = 2g — 2 — exactly the extremes of the 
region where our results on the birationality of moduli spaces of chains 
apply. 

It is indeed the irreducibility of the moduli space of triples proved in 
[6] that has allowed to count in [5] the number of connected components 
of the moduli space of representations of the fundamental group (and 
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its universal central extension) in U(p, q)- Also, the computation of the 

Betti numbers of the moduli spaces of triples O —^ E with rk(i?) = 2 
by Thaddeus [27] has enabled Gothen [12, 13] to compute the Betti 
numbers of the moduli spaces of SL(3, C)-Higgs bundles and U(2,1)- 
Higgs bundles, and the parabolic versions given in [11] and [20]. 

To carry out this programme, one has then to study the topology of 
the moduli spaces of (n + l)-chains for arbitrary n when ctj — Q;j_i = 
2g — 2. As it turns out in most of the cases studied so far, it is easier 
to understand the moduli space for some particular chamber, and then 
analyze the wall-crossings until we get to ai — Q;j_i = 2g — 2. In this 
paper we give the first steps in this direction beyond the n = 1 case. In 

fact, the examples we consider include the case E2 Ei Eq with 
rk(i7i) = rk(i7o) = 1, whose Betti numbers, together with the Betti 

numbers of the moduli space of triples Ei —^ Eq with rk(i7o) = 1 
would give the Betti numbers of the moduli space of representations 
of the fundamental group in U(ri, 1) — the group of isometries of the 
n-dimensional hyperbolic space. This is indeed a computation that we 
plan to undertake in a future paper. 
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2. Definitions and basic facts 

In this section, we will, on the one hand, review the formalism of 
holomorphic chains from [1] as well as existing results and, on the 
other hand, prove some substantial new results concerning the stability 
parameters for holomorphic chains. Recall that we do work exclusively 
on a smooth projective curve X of genus g >2 dehned over the complex 
numbers. 
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The concepts that we shall explain below are natural generalizations 
of notions and ideas from the theory of vector bundles on the curve 
X. Let us thus pause to recall the relevant concepts from the setting 
of vector bundles. If is a vector bundle on X, we write rk(i?) for 
its rank, i.e., the dimension of the fiber vector spaces and denote by 
deg{E) its degree. Using Chern classes, we find 

ci{E) = deg(U) ■ [pt]. 

The slope of E is the quotient ja^E) := deg(U)/rk(U). A vector bundle 
is said to be (semi)stable, if for every non-zero proper subbundle 0 C 
E C E the inequality 

is satisfied. The symbol “(<)” means that “<” is used in the definition 
of “stable” and “<” in the definition of “semistable”. The semistable 
vector bundles of rank r and degree d are classified by an irreducible 
normal projective variety W(r, d) of dimension r^( 5 f — 1) -|-1. It contains 
the smooth dense open subvariety W{r,d) that parameterizes stable 
vector bundles. 


2.1. Definitions. A holomorphie {n +1)-chain is a tuple C = {Ej,j = 
0,..., n; 04, i = l,...,n), consisting of vector bundlesUj on X, j = 
0,...,n, and homomorphisms 0*: Ei — i = The tu¬ 

ple t := (ik^Ej),) = 0, ...,n;deg{Ej),j = 0,...,n) will be referred to 
as the type of the chain {Ej,j = 0, ...,n; (j)i,i = 1, We will often 

write a chain in the form 


C-.E„ 


En-l 


01 


En 


A subchain of the holomorphic chain {Ej,j = 0,..., n; 0*, i = l,...,n) is 
a tuple C' := {Ej,j = 0, ...,n) with Ej a subsheaf of Ej, j = 0, ...,n, 
such that (filyEi) C Fj_i, i = The subchains (0,...,0) and 

{Ej,j = 0, ...,n) are called the trivial subchains. 


Remark 2.1. Note that a subchain {Ej,j = 0,...,n) gives rise to the 
holomorphic chain {Ej,j = 0, ...,n;(f)i\pr. Ei —Tj-i,* = l,...,n). 

Now, fix a tuple a = {aj,j = 0, ...,n) of real numbers. For a holo¬ 
morphic {n + l)-chain C = {Ej,j = 0, ...,n;0i,i = l,...,n), we define 
the a-degree as 


deg„(C') := 5^(deg(^i) +ttirk(Uj)) 

j=0 


and the a-slope as 


deg»(C') 


Ra{C) : 
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A holomorphic (n + l)-chain C is said to be a-(semi)stable, if the 
inequality 

= 0,...,n; (j)i\Fi,i = 1,n)(<)/Xo(C') 

is verihed for any non-trivial subchain C" = {Fj,j = 0, ...,n) of C. Here, 
the convention for “(<)” is as before. Last but not least, we call a chain 
C a-polystable, if it may be written as a direct sum C = Ci © • • • © C* 
where Ck is an a-stable holomorphic chain with HaiCk) = fj,a{C), k = 
Since holomorphic chains form in a natural way an Abelian 
category, one easily derives the following result. 

Proposition 2.2 (The Jordan-Holder hltration). Let C be an a-semi- 
stable holomorphie chain. Then, C possesses a (in general non-unique) 
so-called Jordan-Holder filtration 

{)=:CQCCiC---(ZCm-=C 

by holomorphic subchains, such that fia{Ci) = Pa(C) and Ci/Ci-i is 
a-stable, i = f, The so-called graduation 

m 

G:=gr(C') :=0G„ G, := * = l,...,m, 

i=l 

of C is then a-polystable. The equivalence class of gr(G) does not 
depend on the Jordan-Holder filtration of C. 

Using the above proposition, we call two o-semistable holomorphic 
chains C and C S-equivalent, if their graduations gr(G) and gr(G') are 
equivalent. 

Remark 2.3. i) Suppose C = {Fj,j = 0, ...,n) is a subchain of the 
holomorphic chain C = {Ej,j = 0, ...,n; fiifi = 1, ...,n). Let Fj be the 
subbundle of Ej generated by Fj, j = 0, ...,n. Then, C := {Fj,j = 
0, ...,n) is still a subchain with deg{Fj) < deg{Fj), j = 0, ...,n. Thus, 
semistability has to be checked only against subchains composed of 
subbundles. 

ii) Let C = {Ej,j = 0, ...,n;0i,f = 1, ...,n) be a holomorphic chain. 
A holomorphic chain {Qj,j = 0, ...,n-,fii,i = 1, ..., n) is called a quotient 
chain of C, if there exist surjective homomorphisms : Ej — Qj, 
j = 0, ...,n, such that fi o m = 7rj_i o i = Note that 

(kei^Tij),) = 0, ...,n) is then a holomorphic subchain of C and that 
we have the trivial quotients C and (0,..., 0; 0,..., 0). Moreover, for 
any subchain {Fj,j = 0,...,n), we obtain the induced quotient chain 
= 0, ...,n;0i,i = l,...,n). 

Standard arguments now show that a holomorphic chain C is a- 
(semi)stable, if and only if the inequality 

RaiC){<)iaa{Qj,j = 0, ...,n-,fii,i = 1, ...,n) 

holds for any non-trivial quotient {Qj,i = 0,..., n; fii, i = f ,..., n) of C. 
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iii) Let a = {aj,j = 0,...,n) be as above and f3 G M.Set a' := 

(ttj + (3,j = 0, Then, it is obvious that a holomorphic chain C 

is Q;-(senii)stable, if and only if it is Q;'-(senii)stable. Thus, we may 
assume that ao be zero. In particular, the semistability concept for 
holomorphic (n + l)-chains depends only on n rational parameters. 

iv) If C = {Ej,j = 0, ..., n; 0j, i = 1,..., n) is a holomorphic chain, we 

get the dual holomorphic chain := {Ej,j = O,...,n;0',f = l,...,n) 
with E'j := E^_j, j = 0,...,n, and 0' := (j)n+i-i, i = Then, 

C is (tto,..., Qin-i-i)-(semi)stable, if and only if is (—q;„+i, ..., —ai)- 

(semi)stable. 

2.2. Moduli spaces. Given a fixed type t = {rj,j = 0, dj, j = 

0,..., n) and a hxed stability parameter a = {aj,j = 0,..., n) consisting 
of rational numbers, the S-equivalence classes of o-semistable holomor¬ 
phic chains C of type t form a projective moduli scheme The 

GIT construction for is contained in [24] (see also [22] where 

the semistability condition appears in a different guise). The chamber 
structure of the parameter region (see Remark 2.13) will reveal that, 
for any parameter a, there is a rational parameter o', such that the no¬ 
tion of Q;-(semi)stabihty for holomorphic chains of type t is equivalent 
to the notion of Q;'-(semi)stability, so that the moduli spaces do indeed 
exist for any stability parameter. 

2.3. The parameter region. We need to study the moduli spaces 
A4a{t) for fixed type t in dependence of the parameter a. As remarked 
in 2.3, iii), we may write a = (0, oi,..., «„). Thus, we may view the 
stability parameter a as an element of The hrst interesting prob¬ 
lem is to determine a priori a region R{t) C M", such that the existence 
of an o-semistable holomorphic chain of the predetermined type t im¬ 
plies that a lies in the region R{t). Here, we show that the semistability 
condition for certain natural subchains gives some halfspaces 

such that R{t) lies in the intersection of those halfspaces. The next nat¬ 
ural and important question is whether R(t) is bounded or not. We 
will relate this question to the existence or non-existence of semistable 
chains in the category of /c-vector spaces where k = C(X) is the func¬ 
tion held of the curve X. 

Let C = {Ej,j = 0, ...,n;0j,i = l,...,n) be a holomorphic (n-|-1)- 
chain. Dehne the i-th standard subchain to be Ci := {Eq, ..., Ei, 0,..., 0), 
i = 0, — A straightforward calculation gives the following result. 

Proposition 2.4. Suppose C is a-(semi)stable with a = (0, oi, ..., «„). 
Then, the condition arising from the i-th standard subchain Ci is 

[airI H-h aiVi) (r^+i H-h r^) - 

-(oi+irj+i H-h anTn) (ro H-h r*) 

(<) + ■ ■ ■ + a ) {di+i + ■ ■ ■ + dn) — 

~ (a-i -1 + ■ ■ ■ + ^n) {do + ■ ■ ■ + dfj , i = 0, ...,n — 1. 
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Let hi be the hyperplane determining the halfspace Hi from Propo¬ 
sition 2.4, i.e., hi is dehned by the eqnation 

(ri+i + ... -t- rn)(riQ!i ... -t- ria*)- 

-(ro ... -h ri){ri+iai+i ... + . 

= (vq -|- ... -|- -t- ... -|- dn) — 

-{Vi+i + ... r„)((io + ••• + di), i = 0, ...,n. 

Example 2.5. In the case n = 2, we hnd the following two ineqnalities: 
aiToTi + a2ror2 > (n r2)do - rodi - rod2 
-airir 2 -f 02(7-0 + ri)r 2 > r 2 do + r 2 di - {vo + ri)d 2 . 

Note that these two ineqnalities bonnd 02 from below. The region cnt 
ont by these ineqnalities is sketched in Fignre 1. 



Figure 1. The parameter region for 3-chains. 


Remark 2.6 (Degenerate holomorphic chains). Fix the type t and snp- 
pose we are given a stability parameter a and an o-semistable holo¬ 
morphic chain C = {Ej,j = O,...,n;0j,i = l,...,n), snch that, say, 
is zero. Then, (0,..., 0, ..., 0,..., 0, 0^0+2,..., 0n) is both 

a snbchain and a qnotient chain. By Remark 2.3, ii), this implies that 
the ineqnality arising from the Zo-th standard snbchain mnst become 
an eqnality, that is, 

(oiri H-h 0*0Do) (Do+ 1 H-h r„) - 

-(Oio+irio+i H-h UnTn) (t-q H-h rij 

= (t-Q + ■ ■ ■ + Do) {dio+l + ■ ■ ■ + dn) — 

~(Do-|- 1 + ■ ■ ■ + ’"n) {do + ■ ■ ■ + djp) . 

Therefore, the parameter a lies on the bonndary of the region cnt ont 
by the ineqnalities in Proposition 2.4. Moreover, the modnli space 
for (ttj, j = 0,..., n)-semistable holomorphic chains of typef for which 
the ineqnality associated with the Zo-th standard snbchain becomes an 
eqnality can be easily seen to be a prodnct of the modnli space of 
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(ai,Q;jp)-semistable (io + l)-chains of type {rj,j = 0, dj, j = 

0,io) (which, for io = 0, is the moduli space of semistable vector bun¬ 
dles of rank tq and degree do) and the moduli space of (cijo-i-i; 
semistable (n+io)-chains of type {rj,j = io + 1, dj, j = io + l, 

(see Section 2.6). The upshot is that, in our study, we may restrict to 
holomorphic chains in which all homomorphisms are non-trivial. 

It seems to be a very difficult problem to determine the “exact” shape 
of the parameter region in general (see Section 5 for the case n = 2). 
Thus, one should be more modest and try to understand the behaviour 
along a half line in Here, we may offer the following result. 

Theorem 2.7. Fix the type t. Choose rational stability parameters f3 
and 7 in Q” and set 

:= (d + X ■ 'j, A G M>o. 

Then, there exists a value X^o, such that for any X > X^o, a holomorphic 
chain C = {Ej,j = O,...,n;0j,i = l,...,n) is a^-(semi)stable, if and 
only if it satisfies the following conditions: 

(1) For every subchain {Fj,j = 0, the condition 

7 i rk(Fi) H-h 7 nrk(F„) ^ 71 rk(Ei) H-h 7 nrk(E^) 

rk(Fo) H-h rk(Fn) “ rk(Eo) H-h r'k{En) 

is verified. 

(2) If we have equality above, then 

= 0, ...,n; (j)i\Fi,i = I, ...,n){<)^p{C). 

In order to appreciate the above statement, let us discuss linear 
chains over the field k. A linear {n + l)-chain of type r = {rj,j = 
0, ...,n) is a tuple V = {Vj,j = 0, ...,n;/j,i = l,...,n) composed of 
fc-vector spaces Vj with dim(I^) = rj, j = 0,...,n, and linear maps 
/j! Vi — V-i, i = l,...,n. As before, we may speak of subchains, 
quotient chains, dual chains, and so on. If we are given a tuple a = 
{oij,j = 0,...,n) of real numbers, we say that a chain V = {Vj,j = 
0, fi,i = 1, ...,n) is a-(semi)stable, if for every subchain {Wj,i = 
0 , ...n), the condition 

do dim(ITo) + ■ ■ ■ + an dim(HA) oq dim( Vq) + ■ ■ ■ + «n dim(I4) 

dim(ITo) -I- ■ ■ ■ -I- dim(HA) “ dim(Vo) -|--h dim(I4) 

holds true. These concepts are special cases of King’s general formalism 
[17], 

Remark 2.8. Any chain is 0-semistable. 

Now, let C be a holomorphic chain of type t = {rj, j = 0,..., n; dj, j = 
0,..., n). If 7 stands for the generic point of the curve X, the restriction 
Cri of C to the generic point is a linear chain of type {rj,j = 0, ...,n) 
over C(X). Condition (1) in Theorem 2.7 just says that is a 7 - 
semistable linear chain. An immediate conseqnence is 
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Corollary 2.9. Suppose there are no 'y-semistable C{X)-linear chains, 
then there are no -semistable holomorphic chains of type t for A ^ 0. 

Therefore, the intersection of the region of parameters a for which 
there do exist o-semistable holomorphic chains of type t intersected 
with the half line f3 + M>o ■ 7 is always bounded. Of course, one hopes 
that one can choose Aoo “uniformly”. We state the following. 

Conjecture 2.10. Suppose that 0 is the only parameter for which there 
exist a-semistable linear chains of type {rj,j = 0, ...,n) over C(X). 
Then, for any type t = {rj,j = 0, dj, j = 0, ...,n), there is a 
bounded region R(t) C M”, such that the existence of an a-semistable 
holomorphic chain of type t implies a G Rif). 

We will prove this conjecture for n = 2 (see Theorem 5.5). 

Sketch of proof of Theorem 2. 7. For the proof, one has to place oneself 
in the more general setting of decorated tuples of vector bundles (see 
[24]). In our sketch, we will use the terminology of [24] without re¬ 
peating it here. Fix non-negative integers a, b, and c. Then, we study 
tuples {Ej,j = 0, (p) where the Ej are vector bundles of rank rj 

and degree dj, j = 0 , ...,n, and 

0 ; ^ det{Eff E := Eo®---®En, 

is a non-trivial homomorphism. We have a natural equivalence relation 
on those objects which always identihes (p with z ■ (p, z E C*. Note that 
C © 0[Li Hom(C”% C”*“i) is a direct summand of 

©det(C”°+-+”")®“" 

for appropriate non-negative integers a, b, and c. Thus, the formalism 
of holomorphic chains is contained in the formalism of decorated tuples 
of vector bundles. For a tuple a = (ao; •••; ctn) of rational numbers with 
X]r=o = 0 and A G Q>o, a tuple {Ej,j = 0,..., n; <p) is called (a, A)- 
(semi)stable, if 

n / s n \ 

L{E*,a) -'^rj ■ (^ajTk{Ef)^j + A ■/i(E*, a; 0)(>)0 

j=o j—Q / 

with 

L{E*,a) : = 

s / n n n n 

i:addeg(0J!,) .rk(0Bj) -deg(0J!;) .rk(0£,) 

u=l V j=0 j=0 j=0 j=0 

holds for every weighted hltration 
{E-,a): (0 C {Ej, j = 0, ...,n) C ... C {Ej,j = 0,...,n) 

S {EjJ = 0,...,n), a = (ai,...,a,)) 
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of the “split” vector bundle {Ej,j = 0,...,n). What we want to do 
is study the condition of (a^, A)-semistability for large A. Let V and 
Vj be the hbres of E and Ej, respectively, over the generic point and 
a G P((l/®“)®^) the point dehned by 0. Condition (1) says that a must 
be semistable w.r.t. to the action of SL(C) ft (GL(Vo) x ■ ■ ■ x GL(f4)) 
and its linearization in 0{1) modified by the character corresponding 
to 7 - Set 

n / s n \ 

H{E\a-(t)) ■= - rk(£;j)j j +/i(E*,a;0). 

j=o j—Q / 

If (7 fails to be semistable, one applies the theory of the instability flag 
in order to produce a weighted filtration {E*, a) with < 0 

and L{E*, a) bounded from above by a constant which depends only on 
the type t, a, b, and c. The details for this may be easily adapted from 
our paper [23]. Moreover, the possible tuples a and (rk(0J'^Qi?J), z/ = 
1,..., s) belong to a hnite set whence 

n / s n 

j=0 ^u=l j=0 

may also be bounded from above by a constant which depends only on 
the type t, a, b, and c. It is now clear that we may hnd Aq, such that 
for A > Aq an (a^, A)-semistable tuple satishes 

(1) , a; (J)) > 0 for every weighted hltration {E*,a) (which is 
equivalent to saying that a is semistable). 

(2) If “=” holds, then 

n / s n \ 

L(E\ a; 7 - J] r, . ( ^ . (^ ft rk(BJ)) ) (>)0, 

i=0 '^1^=1 3=0 ' 

The fact that Condition (1) and (2) are also sufficient will follow easily 
once one knows that the tuples {Ej,j = 0,..., n; 0) of type t, satisfying 
(1) and (2), live in a bounded family. This is again established along 
the lines of the corresponding result in [23]. □ 

2.4. Walls and the chamber structure. In this section, we would 
like to subdivide M” into locally closed subsets, called chambers, such 
that the concept of a-(semi)stability is constant within each chamber. 

We £x the type t = {rj,j = 0, ...,n;dj,j = 0, ...,n) and set r : = 
ro + - ■ ■+rn and d := do+- ■ ■+dn- For a holomorphic chain C = {Ej,j = 
0, ..., n; 0j, i = 1, ..., n), the total rank is given by r{C) := rk(i?o) + ■ ■ ■ + 
Tk{En) and the total degree by d{C) := deg(i?o) + ■ ■ ■ + deg{En). The 
idea is to first define hyperplanes which cut out parameters for which 
there might exist properly a-semistable (i.e., semistable but not stable) 
holomorphic (n + l)-chains of type t. Suppose C is such a chain and 
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C = {Fj,j = 0,...,n) is a destabilizing subchain. Then, with a the 
stability parameter in question, we obtain the equation 

rd{C') - r{C')d 

= ai{rir{C') - rk(Fi)r) H-h an(r„r(C") - rk(F„)r). 

Dehne 

5 := I (so, ...,Sn;e) | 0 < Sj < rj, j = 0, 0 < s < r, 

s := So + ■ ■ ■ + Sn, e G Z . 

For an element a G iS, let 

tCo- := I a G M" I Q;i(riS — Sir) + ■ ■ ■ + Q;„(r„s — s„r) = re — sd | 

be the wall defined by a. Note that we may have an empty wall = 0 
or an improper wall For an improper wall, we must have 

VjS — rsj = 0, j = 1 , ..., n, and re — sd = 0. Set rred := r j gcd(r, s) > 1 , 
because s < r. Then, rred divides r*, i = I, and d. 

Proposition 2.11. //gcd(ri,r^, d) = 1, then there do not exist 
any improper walls. 

The n-dimensional chambers are given as the connected components 
of 

M” \ U w„. 

The (n — 1)-dimensional chambers are given as the connected compo¬ 
nents of 

U U 

^ T^S:Wa^WT 

and so on. We label the j-dimensional chambers Cfi k G Jj, j = 0,..., n. 
Note that we have 

n 

»" = U U (2-2) 

j=o fce Jj 

Observe also that this chamber decomposition is locally hnite, i.e., 
every bounded subset R C intersects only hnitely many chambers. 
By construction, we have the following property. 

Proposition 2.12. i) Let C be any chamber and 01 , 0:2 G C. Then, 
a holomorphic chain of type t is ai-(semi)stable, if and only if it is 
a 2 -(semi) stable. 

ii) Let Cl be any chamber and C 2 a chamber in the closure of Ci. 
Choose Oj E Ci, i = 1,2. Then, a holomorphic chain which is Oi- 
semistable is also a 2 -semistable, and a holomorphic chain which is 02 - 
stable is also ai-stable. 
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Remark 2.13. By definition, any chamber contains elements of so 
that it suffices to consider rational stability parameters. 

Finally, we note the following consequence of Proposition 2.11. 

Corollary 2.14. //gcd(ri,...., r„, d) = 1, then, for a stability param¬ 
eter a which lies in an n-dimensional chamber, the conditions of a- 
stability and a-semistability coincide. 

Proof. The dehnition of the walls shows that a stability parameter a for 
which there exists a properly o-semistable holomorphic chain of type t 
must lie on a wall. Since the assumption grants that no improper wall 
exists, we are done. □ 

To conclude this paragraph, we remark that the chamber structure 
has been obtained by rough a priori considerations. Usually, one ex¬ 
pects a coarser chamber structure based on a rehned analysis of sta¬ 
bility. This seems, unfortunately, rather involved and may be carried 
out only in more specialized situations. In general, we would expect 
only hnitely many chambers, even if the region R{t) of possible stabil¬ 
ity parameters were not bounded. This and other phenomena will be 
explained for n = 2 in Section 5. 


2.5. Vortex equations and Hitchin—Kobayashi correspondence. 

There are natural gauge-theoretic equations on a holomorphic chain 


C: E„ 


En-l 


4>i 


En 


which we describe now. Dehne r = (tq, ... ,Tn) G by 


U = ha(C) - “i, J = 0,..., n, (2.3) 

where we make the convention oq = 0- Then a can be recovered from 
r by 

«j=T'o-U, j = 0, ...,n. (2.4) 

The T-vortex equations 

V^AE{Ej) + = TjidEj, j = 0,..., n, (2.5) 

are equations for Hermitian metrics on Eq, ..., En. Here, E{Ej) is the 
curvature of the Hermitian connection on Ej, A is contraction with the 
Kahler form of a hxed metric on X such that vol(X) = 27r, and (f* is 
the adjoint of <pj. By convention 0o = 4>n+i = 0. One has the following. 

Theorem 2.15 ([1, Theorem 3.4]). A holomorphic chain C is a-poly- 
stable if and only if the r-vortex equations have a solution, where a 
and T are related by (2.3). 
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2.6. Moduli spaces for parameters on and near the standard 
hyperplanes. A standard procedure to study moduli spaces is to start 
with known moduli spaces and create new ones out of them by “flip- 
type” operations. In our setting, we might try a kind of inductive 
procedure, by relating moduli spaces of holomorphic (n -|- l)-chains to 
moduli of “shorter” holomorphic chains. This is indeed possible for 
stability parameters in or near the hyperplanes where the inequalities 
in Proposition 2.4 become equalities. 

Let A, i = 0,...,n, be the hyperplanes that were dehned by the 
equations (2.1). 

Proposition 2.16. Let C = {Ej,j = O,...,n;0i,i = l,...,n) be a 
holomorphie {n + l)-ehain. 

i) Assume C to he a-semistable. If a E hi^+i, then C is S-equivalent 

to {Ej,j = O,...,n;0i,i = l,...,n) with = 0 and 0* = (fi, for 

i ^ io + l. In particular, if C is a-polystable, then = 0. 

ii) The {iq + l)-chain C = {Ej,3 = 0, ...,io;0iA = P- 

semistable for P = (oq, and the {n — ip)-chain C" = 

j = 0,..., n — io — 1; Pio+i+i) i = I, ■■■,n — io — 1) is 'j-semistable for 
7 = (oio+i, ...,an)- If, furthermore, C is a-polystable, then C and C" 
are P- and ''y-polystable, respectively. 

iii) If, conversely, the chains C and C" are P- and 'j-semistable 
(polystable), then C is a-semistable (polystable). 

Proof. The arguments are essentially the same as for vector bundles, 
working in the Abelian category of holomorphic chains with the a- 
degree, the total rank, the a-slope, and the notion of a-semistability 
as the semistability concept. 

If a e hiQ+i, thOT C := (Eq, ..., 0,..., 0; 0i,..., 0*0, 0,..., 0) |s a 

subchain with paiC) = Pa{C). The quotient chain C := C/C is 
( 0 ,..., 0 , Ei^+i ,..., En, 01 ,..., 0io, 0,..., 0), and p,a{C) = tia{C). _ 

i) By dehnition of S-equivalence, C is S-equivalent to C © C, and, 
for a-polystable chains, S-equivalence is the same as equivalence. 

ii) and iii) Standard arguments (parallel to those for semistable vec¬ 

tor bundles) show that C is a-semistable, if and only if both C and 
C are a-semistable. Now, note that C is 0-semistable, if and only 
if C is a-semistable and that C" is q-semistable, if and only if C is 
a-semistable. This proves the assertions on semistability in ii) and iii). 
The corresponding claims about polystability are left as an exercise to 
the reader. □ 

Remark 2.17. All the above observations regarding polystability may 
also be easily derived from the existence of solutions to the vortex 
equations (2.5) on the chain C. 
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Corollary 2.18. i) Let a G hi^+i. With the same notation as in the 
above proposition, we have that 

where t' and t" are the types of C and C", respeetively. Here, the 
superseript 'led” refers to the indueed reduced scheme structure. 
ii) Let {a} = fllLi Then 

M::^(t) ^ M(r,,dr) X ... X M(r^,d^) 

with M(r,d) the moduli space of semistable vector bundles of rank r 
and degree d. 

Proposition 2.19. Fix the type t, and suppose a G hi^^+i. Let C be 
any chamber, such that a ^ C, and choose k G C. 

i) If C is K,-semistable, then the chain C is (3-semistable and the 
chain C" is '-y-semistable. 

ii) If C is P-stable and C" is 'y-stable, then, for any 0io+i • 

EiQ different from zero, the resulting chain C is n-stable. 

Proof, i) This is a trivial continuity statement, observing the discus¬ 
sions in the proof of Proposition 2.16. 

ii) We will demonstrate the following property: 

There is an open subset W C M”, containing a, such that, for k, G 
U n \ ^io+i); have the following. If C is (I-stable and C" 

is '-y-stable, then, for any : Ei^+i — Ei^ different from zero, the 
resulting chain C is n-stable. 

In view of the general properties of the chamber decomposition (Pro¬ 
position 2 . 12 ), this will imply the 
assertion of the proposition. 

Dehne S as in Section 2.4, and as the set of elements of S which 
come from a subchain of a holomorphic chain C of type t, such that C 
is /3-stable and C" is 7 -stable. Declare the hnite set 

:= I (so, ...,Sn) I 0 < Sj < rj, j = 0, ...,n, 

(0 < So + ■ ■ ■ + Sjg < To -f ■ ■ ■ -|- rjg) V 

v(0 < Sjp+i -f ■ ■ ■ -|- s„ < rjg_|_i |. 

For s E H, we dehne as the set of elements (sq, ..., s„, e) G 
with (so,..., Sn) = s, and set 

eo(s) := max{ e | (s, e) G }. 

For each s ElZ, there is the function 

X,: ^ R^ 

n n n n 

j=0 j=0 j=0 j=0 
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Obviously, we can define open subsets Us by the condition Xs{.k) > 
eo(’S)(ro + ■ ■ ■ + Tn) — d{so + ■ ■ ■ + Sn) for any k G Ug, s E 71. We set 

W := fl Us. 

s£TZ 


Let C be any proper subchain of C. We view C as a subchain and 
C" as a quotient chain of C. Suppose that both O := O fl O' and the 
projection O of O to C" are trivial subchains of O' and O", respectively. 
Because is non-trivial, this can happen only for O = 0, O = O, 
and O = O'. In the third case, /Ik(C') < Hk,{C) is equivalent to the 
assumption k, G LTio+i \ hio+i. Thus, we may assume that O is a non¬ 
trivial sub^hain of O' or that O is a non-trivial subchain of O". But 
then, /1 k(0) < /1k( 0), for all k, E U, follows immediately from the 
definition of U, because (rk(Fo), ...,rk(F„)) G 71. 

We still have to show that U contains a. For given s E 71, we may 
choose a chain O of type t, such that O' is /5-stable and O" is y-stable 
and a sub chain O of O with (rk(Fo), ...,rk(F„)) = s and deg(Fo)-|-- ■ ■-!- 
deg(F„) = eo(s). Then, 


< 


Ha{C) 

E n 

j=0 


E io 
j=0 


E *o 
j=0 


z^j=o 


deg{Fj) + tti rk(Fi) H- Van rk(F„) 

rk(Fo) + ■ ■ ■ + rk(F„) 

rk(F,) ■ /U( 0 ..,....,..„)(O) + rk(0/) ■ ){C) 

rk(Fo) + ■ ■ ■ + rk(F„) 

rk(0,) ■ /i(0,ai,...,a,^)(O') + Ei=io+Ok(T;) • /i(«,p+i,...,a„)(O'0 
rk(Fo) + ■ ■ ■ + rk(F„) 
rk(F,) ■ /U.(O) + rk(F,) ■ 

rk(Fo) H-h rk(F„) 


/i„(0). 


This inequality is equivalent io a EUg. 


□ 


Remark 2.20. The same game can be played with a parameter a lying 
on several of the hyperplanes hi. In particular, we can apply it to the 
parameter a defined in Corollary 2.18, ii). 


3. Extensions and deformations of chains 

As a first step to study the variation of the moduli spaces of a- 
semistable holomorphic chains as the parameter a changes, we study 
in this section the deformation theory of holomorphic chains. As in the 
case of holomorphic triples, which is treated in [6, §3], the infinitesimal 
deformations of holomorphic chains are given by the hypercohomology 
groups of certain sheaf complexes associated to the holomorphic chains. 
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Througout this section we fix a stability parameter a = {aj,j = 
0, ...,n) and two holomorphic chains C and C", of types t' = (r', j = 
0, = 0,...,n) and t” = (r",j = = 0,...,n), re¬ 

spectively, given by 


C: EL 


EL 


n—1 



(3.1) 


c " ^ ^ — b ;'. (3.2) 

Given two vector bundles E and E over X, Hom(i?, E) and End(i?) 
denote the vector bundles of homomorphisms from E to E and of en- 
domorphisms of E, respectively. The corresponding spaces of global 
sections are denoted Homx(E,F) and Endx(E'), respectively. 


3.1. Hypercohomology. In this subsection we analyze Ext^(C'",C") 
using the hypercohomology groups W{E*{C'L C')) of a 2-step complex 
of vector bundles 

E\C\C'): E^ ^ E\ (3.3) 

This complex has terms 

n n 

= 0 S'), = 0 Hom(S.", £'_,), 

2=0 2=1 

and differential 

n 

bi-ipo, ..., ^ for ilJi e Hom(E'', E[), 

2=1 

where 

b ,: Hom(E'li, E[_,) © Hom(E'', E[) ^ Hom(Ef, E[_,) ^ E^ 

is given by 

iii) = i)i-i o 0 " - 0 ' o 'ipi. 

Applying the cohomology functor to this complex of vector bundles, 
we obtain maps of vector spaces 

d = HP{b): HP{E^) —^ HP{E^), (3.4) 

for p = 0,1, where 

n n 

R’’(B”) = 0Ext'.(B.",S'), H-(F') = 0Ext'(S",£'_,), 

2=0 2=1 


d{^jJo, = ^ di{'il)i-i,il)i), for ilji e Ext^(E'', E[). 

2=1 


and 
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Here, 

dr. @ (3.5) 

is given by 

'ijji) = O 0" -0-0 

where o is composition of maps for p = 0, and the Yoneda product for 

p = 1. 

The following result generalizes [6, Proposition 3.1] from holomorphic 
triples to holomorphic chains of arbitrary length. 

Proposition 3.1. There are natural isomorphisms 

Hom(C'", C) = H°(F*(C'", C")), 

Exti(C'", C') ^ C")), 

and an exaet sequenee 

0 —^ H°(F*(C'", C")) —^ H^{F^) —^ m\F%C", C')) 

—. H\F^) H\F^) —^ lf{F*{C'', C’)) —^ 0. 

Proof. This follows from [14, Theorem 4.1 and Theorem 5.1], since 
a holomorphic chain is a holomorphic quiver bundle, for the quiver 
n —n — 1 —■ ■ ■ —1 —0. □ 

Given two sheaves or vector bundles E and F, we dehne /i*(F, F) = 
dim(Ext]^(F, F)) and x(F,F) = h^{E,F) — h^{E,F). Similarly, for 
any pair of chains C and C" as before, we dehne 

h\C\C') = dim(ff(G",G')), 

C) = C) - h^{C\ C) + h^{C\ C). 

Recall that 

r' = rk(F'), < = deg(F'), rf = rk(F'0, < = deg(F'0. 

Proposition 3.2. 

n n 

x(C", C) = ^ x(E';, El) - Yi x{E:, £'_i) 

i=0 i=l 

( n n \ 

J 

^=0 i=l J 

n n 

+ - r'idi) - - G-iO- 

^=0 i=l 
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Proof. The first equality is a consequence of the exact sequence in 
Proposition 3.1. The Riemann-Roch formula 

X{E, F) = {1- g) Tk{E) rk(F) + rk(E) deg(F) - rk(F) deg(E), 

for vector bundles E and E, implies now the second equality. □ 


The previous proposition shows that x(C", C') only depends on the 
types t' and t" of C and C", respectively, so we may use the notation 

■.= x{C\C'). 

Corollary 3.3. For any extension 0 ^ C ^ C ^ C" ^ 0 of holo- 
morphic chains, 

x{C, C) = x{C', C) + x{C'\ c") + x{C'\ C) + x{C\ c"). 

3.2. Vanishing of and H^. The following result is proved as 
in the case of semistable vector bundles, given the identihcation of 
]H[°(F*(C", C")) with Hom(C", C") of Proposition 3.1. 

Proposition 3.4. Suppose that C and C are a-semistahle. 

i) If then eO(F*(C'",C")) = 0. 

ii) If HaiC') = pia{C'') and C is a-stable, then 

H(U(C,C))=|^ ,/C'5^C", 

□ 


In the following result, {uq, ..., is the standard basis of 

Proposition 3.5. Let C and C" he two holomorphic chains. 

i) Let V C {1,... ,n} and for each i E V, let ei > 0. Suppose that 
the following three conditions hold: 

• C',C" are a-semistahle with pia{C') = pia{C"). 

• For all i E {I,... ,n} \ V, Oj — Oj.i > 2g — 2. 

• For all i eV, one of C', C" is (a + CiUi)-stable and ai — Oj-i > 
2g-2. 

Then H2(F*(C"',C")) =0. 

ii) If C and C” are a-semistable with the same a-slope, and ai — 
ai-i > 2g — 2 for all i = 1,... ,n, then ]HI^(F*(C", C')) = 0. 

hi) If one of C, C" is a-stable and the other one is a-semistable 
with the same a-slope, and a^ — Oj-i >2g — 2 for alii = 1,... ,n, then 
W^{F*{C",C')) =0. 

iv) If for alii = 1,... ,n, (j)'l is injective or 0' is generically surjective, 
then m^{F\C",C')) = 0. 

Proof. From the exact sequence of Proposition 3.1, ]H[^(F*(C'", C')) = 0 
if and only if the map d: H^{F^) (dehned as in (3.4) for 
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p = 1) is surjective, that is, the maps di in (3.5) are surjective for all 
i = 1,..., n. Using Serre duality, di is surjective if and only if the map 

P,: Homx(P'_i, ^Homx(Pr_i, P'_i®ir)©Homx(P', E''(E)K) 

given by 

m^) = M ° idic) o e., 6 o 0'), for 6 e Homx(P'_i, E'l ® K), 

is injective. Let i G {1,..., n} and ^i: E[_^ E'l ® K he a. map in 
ker(Pi). Let 

li = im(^j) C El ® K and Ni_i = ker(^i) C 
Then the fact that G ker(Pj) is eqnivalent to the fact that the maps 

P'_, ^ El ® K E'l_^ ® K and P' ^ P'.^ ^ El ® K (3.6) 
are both zero. The first map is zero if and only if 

Ji C ker(0''© id), (3.7) 

i.e., Jj © K* C ker((;/)''), so the diagram 

h ® K* -^ 0 



commutes. In other words, there is a snbchain Cl. ^ C" given by 



Similarly, the second map in (3.6) is zero if and only if 

im(0') C 

i.e., the diagram 


(3.8) 



commutes, so we can dehne a snbchain C by 
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Let ki-i = rk(iVi_i), /i_i = deg(iVi_i), so 

From the short exact exact sequence 

0 —>■ iVj_i —>■ -Fj'_i —^ li —^ 0, 


we see that 


rk(/i (g) K*) = rk(/j) = r[_^ - ki-i, 
deg{Ii (g) K*) = deg{Ii) + deg(iF*) rk(Jj) 

= - /i_i + (2 - 2g){r[_^ - 


Hence 




deg{Ii (g) K*) + ttj rk(/j (g) K*) 


rk(/i ® K*) 

= + 2-29 + 0 .. 

r'_i - /Ci-i 

Using these formulae for and jj,aiCjJ, we obtain 




ki-1 + ^ r'j f^a{C'js[._J + — ki_i)^a{C".) 


'^d'j + {r-_^-ki_i){2-2g) + {ai_i-ai)ki_i+l ^ 


To prove Part i), suppose first that i G {1,..., n} \ T*, so a* — Q;j_i > 
2g — 2. Since C and C" are a-semistable with the same a-slope, 
/^a(C7Vi-l) - k'aiC), Ha{Cl) < Ha{C") and Pa(C") = fia{C''), SO (3.9) 
is smaller than or equal to 


h.i + r' p„(C") + (r'_i - p„(C") 


j=0 j=0 

This is equivalent to the inequality 

(a* - - /cj_i) < (r'_i - ki-i){2g - 2). 

If 7^ 0, then iV* 7^ 0, so r'_^ — ki-i > 0 and we see that 

Oii - ai-i <2g -2, (3.10) 

which contracticts o;* — Q;i_i > 2g — 2. Therefore, = 0. Thus, 
ker(Pi) = 0, i.e.. Pi is injective for alH G {1,..., n} \ P. If i G V, 
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the fact that C" is dj-stable, where o;* := a + ejtii, implies the strict 
inequality < /Xq,.(C") (note that Cj. is a proper subchain of 

C'\ since r" ^ 0 for all j, so C”. ^ C'\ and ^ 0, so 7 ^ 0). Dehning 
\i{C") = strict inequality can be written as 

) - /i„(C'") < eMC") - Q = e, (A,(C'") - 1), 

so < fia{C"), as Cj > 0. Hence, replacing the inequality 

by the strict inequality, we obtain a strict inequality 
in (3.10), which contradicts the hypothesis a* — Q;j_i > 2g — 2. There¬ 
fore, must be zero, i.e.. Pi is also injective when i & V. Thus, we 

conclude that C')) = 0. This completes the proof of Part i). 

Dehning V to be the empty set, we see that Part i) implies Part ii), 
and dehning V = {1,... ,n} and e* = 0 for alH = 1,..., n, we see that 
Part i) implies Part iii). 

To prove iv), note that (3.7) implies that, if 0" is injective, then 
Ii = 0, whereas (3.8) implies that, if 0' is generically surjective, then 
Ni_i = Ei^i. In both cases, we deduce that ^i = 0. Hence ker(Pj) = 0, 
i.e.. Pi is injective, for all i = 1 ,..., n. As explained above, this is 

equivalent to C')) = 0. □ 

Remark 3.6. Note that Part iv) of Proposition 3.5 generalizes and gives 
a direct proof of [4, Proposition 6.3] without dimensional reduction 
techniques. 

The following is an immediate consequence of Proposition 3.5. 

Corollary 3.7. Suppose that C\C" are a-semistable ehains sueh that 
Ra{C') = paiC"), where Oj — Oj-i > 2g — 2 for all i = 1,... ,n. Then 

dimExt^(C'",C") = h°(C'",C") -x(C'",C"). 

The same holds if the eonditions of Proposition 3.5, Part i), are satis¬ 
fied for some subset V C {1,..., n} and e* > 0 (i eV). 

3.3. Deformation theory of chains. Let AfQ(f) be the moduli space 
of tt-stable chains of type t = {rj, j = 0,... ,n; dj,j = 0 ,...,n). 

Theorem 3.8. Let C be an a-stable chain of type t. 

i) The Zariski tangent space at the point defined by C in the moduli 
space Aiait) is isomorphic to ]HI^(F*(C, C)). 

ii) //]HI^(F*(C, C)) = 0, then the moduli space Af®(t) is smooth in a 
neighbourhood of the point defined by C. 

iii) C)) = 0 if and only if the homomorphism in the corre¬ 
sponding exact seguence of Proposition 3.1, 

n n 

^ Ext^(i7i, i7j_l), 

2=0 2=1 


is surjective. 
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iv) At a smooth point C G M.%{t), the dimension of the moduli spaee 
M%{t) is 

dimM^^{t) = h\C,C) = l - x{C,C) 

( n n \ 

j 

i=0 i=l J 

n 

+ '^{vidi-i - Vi-idi) + 1. 
i=l 

v) If for eaeh i = 1,... ,n, (fi: Ei ^ i?j_i is injective or generically 
surjective, then E[^(F*(C, C)) = 0 and therefore C defines a smooth 
point o/X^(t). 

vi) If ai — ai-i > 2g — 2 for all i = 1,... ,n, then C defines a smooth 
point in the moduli space, and hence AA^it) is smooth. 

Proof. All the results of this theorem follow immediately from the re¬ 
sults of this section, as in the proof of [6, Theorem 3.8], noting that 
the space of inhnitesimal deformations of C is ]HI^(F*(C', C)). □ 

Part iv) of Proposition 3.8 highlights the importance of the following. 

Definition 3.9. The region R 2 g -2 is the set of points a such 

that Oj — Oj-i > 25 f — 2 for alH = 1, ..., n. 


4. Wall-crossing 


4.1. Flip loci. In this section we study the variations in the moduli 
spaces M^(t), for hxed type t and different values of a. We begin 
with a set-theoretic description of the differences between two spaces 
AA^it) and AA^(t) when a and f3 are separated by a wall w (as dehned 
in Section 2.4). For the rest of this section we adopt the following 
notation: Let be the point in the parameter space obtained by 
intersecting the line determined by a and (I with the wall w. Set 

= Ou, + e, Oy, = Oiw — e, 

where |e| > 0 is small enough so that a~ is in the same chamber as a 
and af is in the same chamber as j3. 

We dehne flip loci S^± C Ad® ± by the conditions that the points in 
represent chains which are Q;)];-stable but Q;“-unstable, while the 
points in S^- represent chains which are Q;“-stable but a^-unstable. 
The following is immediate. 

Lemma 4.1. In the above notation: 


AA^ 


= M® = M® 

OLw C 




Remark 4.2. If the wall w is included in one of the bounding hyper¬ 
planes we have that either A + = Ad® + , or S- = Ad®_. The only 
interesting cases are thus those for which w is not a bounding wall. 
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A chain C G must be strictly Q;u,-semistable. Hence in order to 
compute the codimension of in we have to “count” Jordan- 

Holder hltrations of C. Let C* be a strictly a^j-semistable chain. As we 
have seen in Section 2, there is a hltration of chains given by 

0 = CoCCiC--- cCm = C, (4.1) 

with Gi = CijCi-x a^-stable and = l^a^{C) ioi 1 < i < m. 

Let gr(C) = Gi be the graduation of G. 

Proposition 4.3. Let w be a wall contained in the region i? 2 g- 2 - Let 
S be a family of aw-semistable chains G of type t, all of them pairwise 
non-isomorphic, and whose Jordan-Holder filtration (4-1) has gradua¬ 
tion gr(C) = ©^10, with Gi of type ti. Then 

dims <-J2x{tj,ti) (4.2) 
i<j 

Proof. It is clear that 

dimiS < dimP(Ext^(Gj, Gi)), 

l<i<m 

since P(Ext^(Gj, Gj)) parametrizes equivalence classes of extensions 
0 —^Gi —^G —^Gj —^ 0 . 

By Theorem 3.8, is smooth and dimJvi^^^{ti) = 1 — x(ti,ti). 

From Corollary 3.7, we have that the dimension of Ext^(Gj,Gj) is 
given by h^{Gj,Gi) = —x(tj,ti). Here we are using the vanishing of 
h?{Gj, Gi) given by Proposition 3.5, and we have assumed that Gi and 
Gj are not isomorphic, and hence by Proposition 3.4 hfi{Gj,Gi) = 0, 
since otherwise we would have a subfamily of positive codimension in 
S). The result follows now by adding up these dimensions. □ 

In order to show that the flip loci iS ± C Al^± have positive codi- 

w CX^v 

mension we need to bound the values of xifjiL) (4-2). This is what 
we do next. 

4.2. Bounds for y. 

Proposition 4.4. Let G',G" be two holomorphic chains, as in (3.1), 
(3.2), and b the differential of the complex F*{C'',G'), as in (3.3). If 
G' and G" are a-polystable and Oj — Q;j_i >2g — 2 for all i = 1,... ,n, 
then 

/r(ker(6)) < /i„(G') - fJ,a{G”), (4.3) 

/i(coker(&)) > p,a{G') — p,a{C'') -\-2g — 2. (4.4) 

Proof. We start constructing a holomorphic chain 



G{G", G'): P-^ — 
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where F^,F^ and b are defined as in (3.3), 

n n 

= 0 Hom(J5."_„ B'), = 0 

i=l i=2 

and 

n n 

0(^1 , , 0 ^) ^ ^ di (^j—1) ) c(cUi, . . . , CU^) ^ ^ Cj (cUj, CUj_|_i), 

i=2 i=0 

where 6i G Honi(i?f, Ui G Honi(i?f_]^, E'), and 

a,: Honi(ii;f_i, E'_,) © Honi(E'', El,) }lom{El El,) ^ F^, 
c,: Honi(ii;f_i, E’) © Honi(ii;f, El,) ^ Honi(E'', E') ^ 
are given by 

ai(0i_,, Oi) = Bi_, o l[ - 4)1, o Oi, Ci(ui, cui+i) = cu* o 4)'' - 4)1, o cu^+i, 

with = 0 = E'4_i by convention. Note that the holomorphic chain 
C{C", C) is not in general a complex. 

Suppose that C'^C" are a-polystable. Then by Theorem 2.15, there 
are Hermitian metrics on the vector bundles E[ and E” satisfying the 
t'- and r"-vortex equations 


Umab(b;) + = <idu. 

Umab(£)") + CiCi - C'#'!' = ywE”, 

for i = 0,..., n, where r', r" G are given by 

I = l^aiC') — ai and t-' = fJ,a{C") — cij 


(4.5) 


(4.6) 


Using these equations, we now show that the induced metrics on the 
bundles F*, for i = —1, 0,1, 2, which are the terms of the holomorphic 
chain C{C',C"), satisfy the equations 


v^AF(F°) + COC* - b* ob = la{C') - Idle")) id, 
v^AF(F^) + 5 o F - a* o a = HC) - Ha{C")) id 

n 

i=l 


(4.7) 


where ti} : F^ —Hom(Ff, EH is the canonical projection. To prove 
this, let li G Hom(Ff,F') and 1 G Hom(F", F'_^). The curvature 
F(F^) of the induced connection on F^, for p = 0,1, is the (End(FP))- 
valued 2-form given by 

F{Fl{l) = F(F') Al-IA F{E"), 

F(Fi)(0) = FiEl,) A 0 - 0 A FiE"), 
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SO the first terms in the left-hand sides of (4.7) are given by 

v^AF(F0)(^i) = v^AF(E') o o v^AF(Ef), (4.8) 

v^AF(Fi)(C.) = v^AF(i7'_J o ^ - 0 o v^AF(i7'0. (4.9) 

The remaining terms in the left-hand side of the hrst equation in (4.7) 
are 

C o ei'lpi) =tlji o 0 " + 0 ' + i 0 ' + i O 

-0' + lO0iO0'^^-0'o0iO0f, 

b* O bi'lpi) =%lji O 0' + i0' + i + 0'*0' O 

- 0' O O 0f - 0'*^^ 0 0^0 0"^^, 

whereas the remaining terms in the left-hand side of the second equa¬ 
tion in (4.7) are 

b o b*{Ci) =Ci o 0f 0" + 0'0'* o 0 

- 0'* o 0 o 0'^l - 0'_1 o 0 o 0''0 

a* o a(C*) =C* o ° C* 

- 0'_1 O C* O 0f - 0'* O 0 O 0'^^. 

Using (4.8) and (4.10), and (4.9) and (4.11), together with (4.5), it 
follows immediately that the left-hand sides of (4.7) are 

n 

v^AF(F°) + c o c* - 6* o 6 = ^(r' - (4.12) 

7=0 

n 

AP(F‘) + 6 o 4* - a* o a = - r'VJ, (4.13) 

i=l 

where 7r°: ^ Horn (77", 77') is the canonical projection. Now, it fol¬ 

lows from (4.6) that the right-hand sides of (4.12) and (4.13) equal the 
right-hand sides of the first and the second equation in (4.7), respec¬ 
tively, so equations (4.7) are satished. 

We can now use the equations (4.7) to obtain the inequalities (4.3) 
and (4.4). Let G C coker(&) be the maximal vector subbundle of 
coker(6). Note that 

rk(coker(6)) = rk(G), deg(coker(6)) > deg(G), (4-14) 

and, by standard results (see e.g. [28, 25, 3]), 

deg(ker(4)) = 0 tr (itj V^AF(F“)) - ll/Jolll^') , (4.15) 

deg(G) = ^ (ir,v^AF(F‘))) + ||A||i,[) , (4.16) 

where 

TTo: Fq —k Fq and tti : F^ —> F^ 
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are the orthogonal projection operators onto ker(6) and G, with respect 
to the induced Hermitian metrics on and (using the metric on F^, 
G is regarded as a (smooth) subbundle of F^), and Pq and Pi are the 
corresponding second fundamental forms, i.e., the (End (F‘^))-valued 
and (End (F^))-valued (0,1)-forms 

Po = dpo{7rQ), Pi = (9^71 (tti). 

Let a± = aoTTi : F^ ^ F"^ and c± = ttooc: F~^ Since a*j_ = nioa* 

and = c* o ttq, 

tr(7ri o a*a) = tr((7ria*)(a7ri)) = tr(a^aj_) = \a±p, 

tr{cc* o tto) = tr((7roc)(c*7ro)) = tr(c_Lcl) = \c±\^, ^ ^ 

(where | ■ | are the induced norms). By the dehnitions of ttq and tti, 

6 o tto = 0 and tti o 6 = 0. (4-18) 

Applying tr(— otto) and tr( 7 rio—) to (4.7), and using (4.17) and (4.18), 
we obtain 

tr (v/^AF(F°)7ro) + Ic^r = (/i„(C") - /l„(C" 0) rk(ker(6)), (4.19) 


tr (V—lAF(F^)7ri) — \a± 


{l^a{G') - Ha{G")) rk(coker(6)) 


n 

-h ^(cii - ai_i) tr(7ri TTi), 
i=l 


(4.20) 


respectively (where tr(7ri) = rk(coker(6)) by (4.14)). Since tr(7rj^7ri) > 
0, CLj — ai-i >2g — 2 for all i, and ''^1 ~ idi?!, the last term in the 
right-hand side of (4.20) satisfies 


y^(a» - a*-i) tr(7ri7ri) > {2g - 2) ^ tr(7ri tti) = {2g - 2) rk(coker(6)), 

i=l i=\ 


so (4.20) implies 


tr (v^AF(Fi)7ri) - \aif 

> (/ia(C") - Pa(C") +2^1-2) rk(coker(&)). (4.21) 

Integrating (4.19) and (4.21) over X, using (4.14), (4.15) and (4.16), 
and dividing by vol(X) = 27r, we obtain 

deg(ker(c)) + ^ {\\Pq \\\2 + ||cx||^ 2 ) = (/ia(C") -/l«(C" 0) rk(ker(&)). 


deg(coker(c)) - ^ {WPiWh + \M\I 2 ) 

> (/ia(C") - Ha{G") + 2g-2) rk(coker(&)), 
respectively, which imply (4.3) and (4.4). □ 
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Proposition 4.5. Let C and C" be non-zero holomorphie ehains of 
types t' and t", respeetively, and let a G Suppose that the follow¬ 

ing conditions hold: 

• C and C are a-poly stable with pia{C') = pia{C"), 

• Oj — Q;j_i > 2g — 2 for all i = 1,... ,n, 

• the map b\ of (3.3) is not generically an isomor¬ 

phism. 

Then x{C", C) <l — g. In particular, if g >2, then xiP", C) < 0. 

Proof. Let F*{C",C'): F^ —^ F^ be the complex (3.3). By Proposi¬ 
tion 3.2, 

X(C", C) = {l-g) (rk(FO) - rk(F')) + deg(F°) - deg{F^). 
Using 

deg(F°) = deg(ker(6)) -|- deg(im(&)), 
deg(F^) = deg(im(6)) -|- deg (coker (6)), 
rk(F^) = rk(im(6)) -|- rk(coker(6)), 

and the inequalities (4.3) and (4.4) with /ia(C") = HaiC"), we see that 
deg(F°) — deg(F^) < 2(1 — g) rk(coker(6)) 

= 2(1 — g) (rk(F^) — rk(im(&))) , 
so 

X{C\ C) <{l-g) (rk(F°) + rk(F^) - 2 rk(im(6))) . (4.22) 

Note that 

rk(F°) + rk(F^) - 2 rk(im(6)) > 0, (4.23) 

with equality in (4.23) if and only if rk(F°) = rk(im(6)) = rk(F^). But 
b is not generically an isomorphism, so the equality in (4.23) does not 
hold, i.e., rk(F°) -l-rk(F^) — 2rk(im(6)) > 1. Therefore, (4.22) implies 
x{C'',C')<l-g. □ 

4.3. The birationality region. Proposition 4.5 motivates the dehni- 
tion of a region R{t) C as follows. First, we recall from §2.3 that 
a linear chain V (over C) is a chain in the category of complex vector 
spaces, i.e., a diagram of complex vector spaces V) and linear maps /* 
which compose as follows. 

U: K ^ K-i ^ ^ Vo. (4.24) 

Note that this is simply a holomorphic chain when X is a point. The 
dimension vector of V is the (n -|- l)-tuple of integers r = = 

0,... ,n), with rj = dimV^-. Given two linear chains V , V" , we dehne 
a 2-step complex of vector spaces over C, 

F'(V",V')- F° — F', 


(4.25) 
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exactly as in (3.3), where now X is a point, so b is simply a linear 
map. Note also that the a-slope fia{C) of a holomorphic chain C only 
depends on the type t = {rj,j = 0,... ,n;dj,j = 0,...,n) of C, so we 
may use the notation 

/,N __ ^i^i) 

• V—\n 

22i=on 


Definition 4.6. Fix a type t = {rj,j = 0,... ,n] dj, j = 0, ...,n). 
The region R{t) C is the set of points a such that for all types 


t' = (r', j = 0,..., n; d), j = 0,. .., n) and t" = (r", j = 0,. .., n; d'-, j = 
0,... ,n), with t'+t” = t and and for all linear chains V 


and V" with dimension vectors r' = (r', j = 0,..., n) and r" = {rj,j = 
0,... ,n), respectively, the map b of (4.25) is not an isomorphism. 


Note that the region R{t) is generally non-connected. Furthermore, 
the dehnition of R{t) does not involve the geometry of X but only 
linear algebra. 

The following is an immediate consequence of Proposition 4.5. 

Theorem 4.7. Let C and C he non-zero holomorphic chains of types 
t' and t", respectively, and let a G Suppose that the following 

conditions hold: 

• C and C are a-poly stable with fia{C') = 

• q; G R(t) n i?2g-2- 

Then x(C", C) <l — g. In particular, if g >2, then x(C", C) < 0. 

Because of this theorem, it becomes an important problem to char¬ 
acterize the birationality region R(t) of Definition 4.6. The rest of this 
subsection is devoted to the determination of R(t). 

Definition 4.8. (1) Fix a dimension vector r = {rj,j = 0,... ,n). 

Let V(r) be the set of pairs {r',r") of dimension vectors r' = 
{r'j,j = 0,..., n) and r" = = 0,..., n) with r' + r" = 

r, such that there exist linear chains V and V" of dimension 
vectors r' and r", respectively, for which the differential b of the 
complex (4.25), corresponding to V' and V", is an isomorphism. 

(2) Given a type t = (r, d), let T{t) be the set of pairs it',t") of 
types t' = (r', J = 0,...,n; d', j = 0,...,n) and t" = {r'',j = 
0,..., n; d", j = 0,..., n), with F -|- t" = t, such that (r', r") G 
V(r), where r' = (r', j = 0,...,n) and r" = {r'-,j = 0,...,n). 

(3) Given {t',t") G T{t), let B{t',t") C R'^+^ be the set of points a 
on the hyperplane 


La{t') = Hait"). 
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Proposition 4.9. R{t) = \ B{t), where the ‘boundary’ is 

B{t)= y 

Proof. This follows automatically from Definitions 4.6 and 4.8. □ 

Thus, to determine the region R(t) we need to hnd the set V(r). 
This can be done by using the following results. Note hrst that the 
Euler characteristic of two linear chains V' and V" is 

xiV", V) := dimHom(E", V) - dimExt^(P", V). 

The following lemma can be compared with Propositions 3.1 and 3.2. 


Lemma 4.10. Let V and V" be two linear chains with dimension 
vectors r' = ij-'pj = 0,...,n) and r" = (rj,j = 0,..., n), respectively. 
Let b be the map in (4.25). Then there is a canonical exact sequence 

0 ^ Hom(l/", V) —. ^ Ext^(E", V) —^ 0. (4.26) 

Hence, the Euler characteristic is given by 

n n 

x{V", V) = dim(F“) - dim(F') = “ E ("‘■27) 

2=0 2=1 

Proof. The exact sequence (4.26) is obtained as in Proposition 3.1 when 
X is point, whereas equation (4.27) follows immediately from this. □ 

By Lemma 4.10, xiy"i ^') only depends on the dimension vectors r' 
and r" of V and V", respectively, so we may use the notation 

X{r",r') ■.= x{V"X)- 


Proposition 4.11. Let V',V" be linear chains, given by 


r = 0y, v' = 0i/", 

j=i 


k=l 


where V-, V^' are linear chains. Let 

F'iy",V')-. F° 

be the 2-step complex corresponding to V and V", as in (4.25), and 


F\v;;,v;)-.F^, 




for l<i<s',l<k< s", 


the 2-step complexes corresponding to the subchains Vlf and V-. The 
following conditions are equivalent: 

i) The map b is an isomorphism. 

ii) Hom(P", V')=t) = Ext^(P", V). 

hi) The maps bjk are isomorphisms, for all 1 < j < s', 1 < k < s". 
iv) Hom(V)(', V-) = 0 = Ext^(f4", V-), for all 1 < j < s', 1 < k < s". 
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Proof. The equivalence ii)-v^iv) comes from the obvious isomorphisms 

Y{ou,iy"y) = 0 Hom(\4",l^;), P.y{V'\V') = 0 Ext'(\4",\/;), 

l<fc<s" l<fc<s" 

whereas i)-v^ii) and iii)-v^iv) follow from Lemma 4.10. □ 

Definition 4.12. Given integers 0 < p < g < n, the linear chain 6\p^q] 
is dehned by the diagram 

^[p,q] • 0 —y ■ ■ ■ —y 0 —y C ^ C ^ ^ C ^ C —y o —y ■ ■ ■ —y o 

q p 

Thus, 6ip^q] is given by (4.24), where Vi = C if p<i<q and V) = 0 
otherwise, whereas /j = id:C—>Cifp<f<g and fi = 0 otherwise. 
The dimension vector of is denoted by 

Proposition 4.13. i) All linear chains are direct sums of indecompos¬ 
able ones. 

ii) The linear chains 5\p^q] are indecomposable and any indecomposable 
linear chain is isomorphic to such a 5[p,q]. 

Proof. Part i) is well-known. Part ii) can be found, e.g., in [9]. □ 

Thus, the linear chains V and V" can be written as 

s' s" 

= (4.28) 

j=l fc=l 

for sets of pairs of integers ip'j^q'j) and {p'l,q'^), for I < j < s' and 
1 < k < s", satisfying 0 < p) < g' < n and 0 < p'l < q'l < n, 
for all j and k. Now, Proposition 4.9 reduces the problem of Ending 
R{t) to the problem of finding T(t) or equivalently (by Definition 4.8), 
V(r), whereas Propositions 4.11 and 4.13 reduce this problem to finding 
when there are no homomorphisms and extensions between the inde¬ 
composable linear chains 5[p',q'] and 5\^p" qiiy This is in Proposition 4.14 
below. 

Given two integers p and g, let [p, g] = {p,p-|-1,..., g — 1, g} if p < g, 
and [p, g] = 0 otherwise. Note that, by (4.27), for all pairs of integers 
(p', q') and (p", g"), with 0 < p' < g' < n and 0 < p" < q" < n, we have 

X (V.g'T '^b',9']) = # ([p > ^ [/> ?"]) - # iW + 1, g + 1] n [p", g"]), 

where, given any set S, ffS denotes its cardinal. 

Proposition 4.14. Given pairs of integers {p',q') and {p",q"), with 
0 < p' < q' < n and 0 < p" < q" < n, the following conditions are 
equivalent: 

i) Horn ^\p',q'^ 0 Ext ,q''\i ^{p',q'^ ’ 

ii) At least one of the following inequalities is satisfied 

p>p, g>g, p > q , p > q, 


(4.29) 
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and, furthermore, 

# {[p, q] n [/, g"]) = # ([p' + 1, g' + 1] n [p", g"]). (4.30) 

Proof. We first show that Horn = 0 if and only if one 

of the inequalities (4.29) is satisfied. Note that the only way that the 
following two diagrams can commute is that the maps / and g are zero. 


C-^0 


C^C 


c^c 


g 


0-^C. 


Hence, all the maps /* and g* in the following diagrams are zero, pro¬ 
vided they commute, so that they define morphisms 5[p",g"] — ^lp',q']- 


(Case p' > p') 


c^c^c 





>0 - ^0 -)►■■■ 



(Case q" > q') 


C 


c 


c 


V V_1 V-2 


->0— 


c 


Thus, if p” > p' or q" > q', then Horn (h[p//g//], ]) = 0. If p' > 

g" or p" > g', then Horn ((5[p»^g//], = 0 as well, because the set 

[p', q'] n [p", q"] is empty. Conversely, if none of the inequalities (4.29) 
holds, i.e., if q' > q" > p' > p” (so [p', g'] n [p",g"] ^ 0), then the 
following commutative diagram shows that Horn (5[p",q"], ])=C. 


>0-^0-^C = C = ■■■ — € — € — € 


... = c = c = c = c = --- —C-^0-^0- 

Finally, if Horn h[p/^g/]) = 0, then Ext^ h[p/^g/ ]) = 0 if 

and only if y {^[p”,q"],^lp',q']) = 0, which is equivalent to (4.30), by the 
observation before this proposition. □ 

Remark 4.15. As observed in the proof of Proposition 4.14, given pairs 
of integers (p', q') and (p", q”) with 1 < p' < g' < n and 1 < p" < 
q" < n, the fact that at least one of the inequalities (4.29) is satished 
is equivalent to the fact that the following does not hold: 

q' > q" >p' > p"- (4.31) 

The regions V(r) and R{f) can now be obtained by applying Propo¬ 
sitions 4.11 and 4.14 to all possible direct sums (4.28) with dimension 
vectors r' and r" such that r' -|- r" = r. Thus, we have proved the 
following. 
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Theorem 4.16. Fix a dimension vector r = {rj,j = 0,... ,n). A pair 
of dimension vectors {r',r"), with r' + r" = r, belongs to V(r) if and 
only if there are decompositions 

= FpWd + ■ • ■ + + ■ ■ ■ + > 

for two sequences of pairs of integers 

= !>• ••>«') and ((p", gp; j = 1,..., s"), 

with 0 < p[ < q[ < n and 0 < p" < q'- < n, such that the following 
conditions hold for all i = 1,..., s' and j = 1,s". At least one of 
the following inequalities is satisfied 


P'l > P'i, 


> Q'i, 


p[ > qI 


P", > Qi, 


and, furthermore, 

# {{Pi, n [p'j, q'j]) = # ([p- + 1, g- + 1] n [p'', g"]) . 


(4.32) 

(4.33) 


Example 4.17. As an application of Theorem 4.16, here we obtain 
the birationality region when n = 1. Note that in this case the (n + 1)- 
holomorphic chains are actually the holomorphic triples studied in [6] 
and that in that paper, although not explicitly dehned, the birationality 
region was completely determined. First, we list the only indecompos¬ 
able linear 2-chains S', S" satisfying Hom((5", 5') = 0 = Ext (5", 5'): 

(1) S' = S" = 5[o,o]; 

(2) 5' = Vi], = <^[1,1]; 

(3) S' = (5[0,0]; = '^[0,1]- 

Applying Theorem 4.16 to a dimension vector r = (ro,ri), it follows 
that V(r) is the set of pairs (r',r"), formed by pairs of integers r' = 
(rg, r'l) and r" = (rg, r'/) with r' + r" = r, satisfying exactly one of the 
following conditions: 

(1) r(, = r'l = 0; 

(2) rg = 0, r'/ 7 ^ 0 and rg = r(; 

(3) rg 7 ^ 0, r( = 0 and rg = r'/. 

These conditions also follow from of [6, Lemma 4.5]. Fix now a type 
t = (ro, ri; do, di). Using the previous description of V(r), together 
with Definition 4.8(3) and Proposition 4.9, we immediately see that 


R{t) n {(0, a) e = {0} X (R \ {am{t), aM{t)}) , 


where 


^mit) 


do di 
rg ri’ 




2ro 

|ro - ri 





ro + n \ 
ko - ri\) 




Here we set auit) = -|-cx) when rg = ri, by convention. Hence, a 
connected component of R(t) fl {(0,q;) G R^} is given by the open 
interval am(t) < a < aMif). We have thus recovered [6, Lemma 4.6]. 



Holomorphic Chains 


33 


In the previous example we have seen that, when n = 1, the param¬ 
eter region R{t) is in fact a component of the birationality region R{t). 
For n > 1, this is not generally true, as we will see in §6. The following 
proposition clarifies the relation between the parameter region R{t) and 
the birationality region R{t). Recall that R{t) is bounded by the hy¬ 
perplanes hi dehned in §2.3 for 0 < i < n and that, by Proposition 4.9, 
R{t) is the complementary of the union B{t) of the hyperplanes i3(F, t") 
of Dehnition 4.8. 

Proposition 4.18. Fix a type t = {rj,j = 0,... ,n;dj,j = 0,...,n). 
The hyperplanes R are eontained in the boundary B(t) of R, for all 
0 < i < n. 

Proof. Given a linear chain V and an integer k > 0, let kV be the 
direct sum of k copies of P if /c > 0 or 0 if /c = 0. Observe now that 
Hom(5yj], = 0 = Ext^((5[i^i], for all 0 < j < A; < n (this 
corresponds to case (1) in Example 4.17), so 

Horn 0 1=0 = ExtM 0 rj%i],0 

Vo<j<i i<j<n / Vo<j<i i<j<n 

for all 0 < i < n. Since the linear chains 

0 and 0 

have dimension vectors 

r(<i) := (ro,..., n, 0,..., 0) and r(>i) := (0,. .., 0, n+i,..., r^), 

respectively, it follows that (r(^i), r(<i)) G V(r), so (t(>i), t(<j)) G T(t), 
where 

A(<i) • (^(<i)) ^(<j)) &Ild t(^yi'j . (^(>i)) ), 

with 

^(^0 ■ ■ ■ ■ 1 ^ii 0,..., 0) and d(^^i'^ . (0,..., 0, ..., d^f). 

By dehnition, this implies that i3(t(>j), t(<j)) is contained in the bound¬ 
ary B(t). But i3(t(>i), f(<j)) is the set of points a on the hyperplane 

Writing explicitly this equation, we see that i3(t(>i), t(<j)) is in fact the 
hyperplane hi dehned in §2.3. □ 

4.4. Birationality of moduli spaces. Let o^,, afj and a~ be dehned 
as in §4.1, where now |e| > 0 is small enough so that a~ and af are in 
the same connected component of R{t). 
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Proposition 4.19. Letw he a wall contained in the region R(t)r]R 2 g- 2 - 
Let S be a family of au,-semistable chains of type t all of which are 
pairwise non-isomorphic, and such that S maps generically one-to-one 
in an open set in the moduli space Al^±. Then the codimension of the 
strictly semistable locus (which we assume non-empty) in S is at least 
t/- 1- 


Proof. The codimension of the stricly semistable locus is at least 


min 



m{m — 3) + 2 
2 



(4.34) 


where the minimum is taken over all the numerically possible types 
and m that may occur for a Jordan-Holder hltration of a strictly 
semistable change of type t. This follows from substracting (4.2) to the 
dimension of the moduli space of Q;)|;-stable chains of type t which is 
1 — x(f, t) (recall that under the hypotheses of the proposition hfiC, C) 
vanishes), and using that x(t,t) = YhijXifiiij) by Corollary 3.3. 

Now, from Theorem 4.7, we have that —x(tj, ti) > g — 1. Hence, the 
codimension is at least 


min 



1 ) 


- 1 ) + 



Clearly, the minimum is attained when m = 2 giving the result. □ 


From Proposition 4.19 we immediately obtain the following. 

Theorem 4.20. Let w be a wall contained in the region R(t) fl i? 2 g- 2 - 
Then + and . are birationally eguivalent. Moreover, if in addi- 

CX-nj CX.^ 

tion, gcd(ri,..., Tn, d) = 1 a-stability coincides with a-semistability, by 
Corollary 2.14, and hence Al„+ and Ma- birationally eguivalent. 

Remark 4.21. We emphasize that the boundary B{t) of the birational 
region R{t) contains in general more hyperplanes than just the R of 
Proposition 4.18. However, in the examples considered in §6 we will 
be able to bound the dimensions of the flip loci when the parameter a 
crosses the hyperplanes B{t',t") which are inside the parameter region 
R{t). A natural question is whether this can always be done in the 
analysis of moduli spaces Al® (t) of holomorphic (n + l)-chains for all 
possible types t and all the hyperplanes B(t',t") which are inside R(t). 


5. Parameter regions for semistable 3-chains 

In this section, we study the region of possible stability parameters 
for holomorphic 3-chains. Among other things, we will prove Conjec¬ 
ture 2.10 for n = 2. To this end, we hrst study linear 3-chains over the 
field k = C(X). A general assumption will be > 0, j = 0,1, 2. 
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5.1. 3-Chains of /c-vector spaces. Recall that we have established in 
Theorem 2.7 a connection between the semistability of a holomorphic 
chain and the semistability of the induced linear chain over k := C(X). 
Therefore, we now study linear 3-chains over k. 

Theorem 5.1. i) Suppose (ro,ri,r 2 ) satisfies rp > ri r 2 . If V = 
(Vo, hi, V 2 ; /i, / 2 ) is an (oi, a 2 )-semistable linear 3-chain of type (ro, ri, 
r 2 ), then 

(oi, 02 ) = (0, 0). 

ii) Assume that tq < ri > r 2 and that V = (Vo, Vi, V 2 ;/i,/ 2 ) is 
an {ai, a 2 )-semistable 3-chain of type (ro,ri,r 2 ), then ( 01 , 0 : 2 ) = 0 or 
'f'o = r 2 , /i o /2 is an isomorphism, and 

(oi, 02 ) = A ■ (1, 2) 

for some A G M>o. IfV is a chain, such that rp = r 2 and /i o /2 is an 
isomorphism, then V is (1,2)-semistable. 

hi) If, in (ro,ri,r 2 ), ro 7 ^ ri = r 2 and if V = (Vq, Ri, V 2 ;/i,/ 2 ) is 
an {ai, a 2 )-semistable 3-chain of type (ro,ri,r 2 ), then f 2 is an isomor¬ 
phism and 

(oi, 02 ) = A ■ (—1,1) 

for some A G M>o. Conversely, if V is a chain in which f 2 is an 
isomorphism, then V is (—1, 1)-semistable. 

iv) Assume ro = ri = r 2 . If V = (Ro, Ri, R;/i,/ 2 ) is an ( 01 , 02 )- 
semistable linear 3-chain of type (ro, ri, r 2 ), then either (oi, 02 ) = (0, 0) 
or /2 is an isomorphism and ( 01 , 02 ) is a non-negative multiple of 
(—1,1) or fi is an isomorphism and (oi, 02 ) = A ■ (2,1) for some non¬ 
negative number A or both fi and f 2 are isomorphisms, oi < 2o2, and 
oi -f 02 > 0. Conversely, a chain in which fi and f 2 are both ismor- 
phisms is {ai, a 2 )-semistable for all ( 01 , 02 ) with oi < 2 o 2 and oi -|- 
02 > 0, a chain in which f 2 is an isomorphism is {—1,1)-semistable, 
and a chain in which fi is an isomorphism is (2, 1)-semistable. 

Proof of Theorem 5.1. We will check the condition of semistability on 
several non-trivial subobjects. The hrst one is (Ro,0,0). Semistability 
yields 

Oiri02r2 > 0. (5.1) 

From the subobject (Vq, Ri, 0), we get the condition 

-Oiri-F O2(ro-f ri) > 0. (5.2) 

i) Since we assume rg > ri, (im(/i), Ri, R) is a non-trivial sub¬ 
chain. If ro < ro is the dimension of im(/i), this subobject yields 
(ro — ro)(oiri -|- 02 r 2 ) < 0. We infer 

oiri -F 02r2 < 0. (5.3) 

Observe that (5.1) and (5.3) give 


Oiri = -02r2. 


( 5 . 4 ) 
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Now, assume r 2 > ri. Then, (0, 0, ker(/ 2 )) is a non-trivial subchain. 
We see 

-ttiri + Q;2(ro + ri) < 0. (5.5) 

Together with (5.2), we conclude airi = q; 2 (^"o + ^"i)- Invoking (5.4), 
we find 0:2 = 0 and derive the assertion of the proposition in the case 
ro > ri < r2. 

Finally, we have to consider the case r 2 < ri. In this case, we use 
the condition of semistability for the subchain (Vq, im(/ 2 ), V 2 ). This 
condition is Q; 2 (ri — r()r 2 < Q;i(ri — r()(ro + r 2 ), r[ := dim(im(/ 2 )). 
Since r[ < r 2 < ri, this gives 

ai{ro + r2) - a2r2 > 0. (5.6) 

Together with (5.1), this yields ai > 0. On the other hand, (5.2) shows 
that 0:2 > 0. By (5.3), we have (q;i,q; 2 ) = (0,0) as desired. 

ii) If tq < Ti > r 2 , then there is the subchain (0, ker(/i), 0) which 
gives the estimate 

ai(ro + r2) < 02^2. (5.7) 

Inequality (5.6) is also true, so that 

tti(ro + r2) = a2r2. 

Note that 02 > 0, by (5.1) and (5.2), so that also ai > 0. One can 
now check that a chain V is (0, ai, Q; 2 )-semistable, if and only if every 
subchain (Wq, Wi, W 2 ) with dim(IFj) = r', j = 0,1, 2, satisfies 

ror2 < ror2. (5.8) 

If /i ° /2 were not injective, then this condition would be violated by 
(0, / 2 (ker(/i o / 2 )), ker(/i o / 2 )). Thus, /i o /a is injective and ro > ra. 
Since the dual chain V'^ is (0, 0:2 — ai, Q; 2 )-semistable (compare Remark 
2.3), we must also have r 2 > ro and, consequently, ro = r 2 . If we assume 
conversely that ro = r 2 and that /i o /2 is an isomorphism, then r^ < Tq 
for every subchain, and (5.8) is verified. 

hi) First, assume that ro > ri. Then, (5.3) is still satisfied. Thus, 
by (5.4) and ri = r 2 , ai = —q; 2 - Since 0:2 > 0, we see that (q;i,q; 2 ) is 
a non-negative multiple of (—1,1) and, if it is a positive multiple, the 
semistability condition becomes 

dim(IF 2 ) < dim(IFi) (5.9) 

for all subchains (0, Wi, W 2 ). This would be violated by (0, 0, ker(/ 2 )), 
if /2 were not injective. Conversely, if /2 is injective, then (5.9) will 
obviously be satisfied for all subchains. 

For Tq < ri, Wi := ker(/i) is a non-trivial subspace of Vi of dimen¬ 
sion, say, rj. Choose a subspace IF 2 of V 2 of dimension r[ which maps 
to Wi under fi. The subchain (0, hFi, IF 2 ) yields 

{ai + a2){ro + 2ri) < 2 (q;i -f q; 2)^"1; 
i.e., (5.3) is again verified, and we may conclude as before. 
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iv). A chain V is (0, ai, Q; 2 )-semistable if and only if it is a'-semistable 
for a' = (tto, with a'g := —(ai +q; 2 )/ 3 , a'l := {2ai — q; 2 )/ 3 , and 

02 := (—ai + 2 q; 2 )/ 3 . Note that we have = 0- We will 

require a' 7 ^ 0 in the following. For ag = 0, i.e., (ai, 0 : 2 ) = A-(—1,1) for 
some A G M>o, a'-semistability is given by (5.9) for all subchains. As 
we have discussed before, this is equvalent to /2 being an isomorphism. 
For 0:2 = 0) fhat is (ai, 02 ) = A ■ (2,1), A > 0, we find the condition 

dim(lFo) < dim(fFi) (5.10) 

for all subchains. This is equivalent to /i being an isomorphism. In 
the case that = 0, i.e., (q;i,q; 2 ) = A ■ ( 1 , 2 ), A > 0, the condition of 
a'-semistability becomes 

dim(IF 2 ) < dim(lTo) (5-11) 

for all subchains. This is equivalent to the fact that /i o /2 is an 
isomorphism, so that both /i and /2 must be isomorphisms. 

Finally, we treat the case a' 7 ^ 0, j = 0,1, 2. The conditions ai + 
02 > 0 and ai < 2a2 result from (5.1) and (5.2), keeping in mind 
f'o = = r 2 . If fi were not surjective, then (5.3) would hold and, 
thus, tti = — 0:2 and ag = 0, a contradiction. Similarly, we derive that 
/2 must be an isomorphism. To conclude, assume that /i and /2 are 
isomorphisms, ai < 2a2, and ai + 0:2 > 0. Let (hFo, hFi, IF 2 ) be a 

subchain with dim{Wj) = r', j = 0,1,2. Then, rg > r[ > r^, and we 

may estimate as follows: 

3(Q;oro + a[r[ + q: 27 ’ 2 ) 

= -{ai + oi2)r'Q + ( 2 q;i - q;2)7’'i + (-ai + 2a2)r'2 

< —{oil T ci2)'^i T (2 q;i — o:2)'f'i + (—oii + 2Q;2)'r2 

= (tti - 2Q;2)r( + (-«! + 2 q;2)7’2 

< {oil — 2Q;2)'r2 + (—oil T 2oi2^T2 = 0 . 

This shows that is a semistable chain. □ 

Remark 5.2. Observe that the proof shows that there never exists any 
stable chain. 

5.2. Parameter regions for rank maximal 3-chains. A holomor¬ 
phic chain will be called rank maximal, if all the homomorphisms, that 
is, 01 , 02 , and, in case ri > max{ro,ri }, also 0i o 02 , have generically 
maximal rank, i.e., are either injective or generically surjective. Note 
that being rank maximal is an open property, so that describing the 
moduli spaces for rank maximal chains will provide birational models 
for some components of the moduli space of all chains. (Those compo¬ 
nents will be smooth in stable points by Theorem 3.8, v).) For rank 
maximal chains, one can use the test objects analogous to those used 
in the proof of Proposition 5.1 to hnd inequalities which limit the pa¬ 
rameters for which semistable rank maximal 3-chains might occur. The 
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advantage is that, for rank maximal chains, one obtains more explicit 
bonnds on the parameters. We state the following more precise result. 


Proposition 5.3. Let C = -^ 2 ; ^ 2 ) a holomorphic 3- 

chain of type t = {vq, ri, r 2 ] do, di, 3 , 2 ) ■ Define the inequalities 


, ^ + ^2 , , , 

Oiri q; 2^"2 > -■ do - «i - «2 

—ctiTI + q;2('^o “1“ "^i) ^ do + di-- d2- 

r2 

and, if applieable, the following additional inequalities: 

(1) If ro > Ti and fii is injective, 

2ri + r2 2ro + r2 

Oiri q;2^"2 < -■ do -- di - d2. 

ro - ri ro - 

(2) If vi < r 2 and 02 is generically surjective, 

, ( , ^ ^ ^ , ^0 + 2^2 , ro + 2ri 

-Oiri + q;2(’"o + < do H-■ di-- d2. 


r2 - ri 

(3) If ri > r 2 and 02 is injective. 


r2 - ri 


(5.12) 

(5.13) 


(5.14) 


(5.15) 


/ I N I ^ ^ I ^o + ^^2 , ro + 2ri /cicn 

-Q;i(ro + r2) + q; 2^"2 < -«o H-■ «i-- «2- ( 5 . 16 ) 

n - r2 ri - r2 

(4) If ro < ri and 0i is generically surjective, 

( , ^ ,2ri+r2 2ro + r2 

OiiyVo + r2) — q;2'^2 ^ -■ do -- di + d2- (5.17) 

ri - ro ri - ro 

(5) ro < ri > r 2 , ro < r 2 , and 0i o 02 is generically surjective, 

Oifiro - ri + r2) + a2{ro + ri - r2) 

^ + n + 3r, _ 3n, + n- r, 

r 2 - ro r 2 - ro 

Let R(t) be the region described by all applicable inequalities. If C is 
if), ai,a 2 )-semistable, then 


(tti, 02 ) ^ d3{t). 


Proof. The inequalities (5.12) and (5.13) have already been given in 
Example 2.5. Inequality (5.14) follows from the subchain (im(0i) = 
El, El, E 2 ). For (5.15), one uses the subchain (0, 0, ker( 02 )) and the 
inequality deg(ker( 02 )) = d 2 — deg(im( 02 )) > d 2 — di. The subchain 
(i 7 o,im( 02 ) = E 2 ,E 2 ) provides us with (5.16). Inequality (5.17) is 
derived from the test object ( 0 , ker( 0 i), 0 ) and the fact deg(ker( 0 i)) > 
di — do. Last but not least, the subchain (0, 02 (ker( 0 i o 02 )) = ker(0i o 
02 ),ker( 0 i o 02 )) and the estimate deg(ker( 0 i o 02 )) > d 2 — do yield 
(5.18). □ 
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Figure 2. The parameter region for rank maximal 3- 
chains with tq < ri> r 2 and vq < r 2 . 


Example 5.4. Let C = (Fq, Fi, F 2 ; 0i, 02) he a holomorphic 3-chain 
of type t = {ro,ri,r 2 ;do,di,d 2 ), such that ro < ri > r 2 , ro < r 2 , and 
01 o 02 is generically surjective. Then, obviously, 02 must be injective 
and 01 generically surjective. If we add (5.16) and (5.18), we find an 
estimate 

-aiTi + a2{ro + ri) < K = K{t). (5.19) 


Note that 


n ^ ^ ^0 + r2 

Tq + ri r2 


It follows that the inequalities (5.13), (5.19), (5.16), and (5.17) bound 
a region R in the shape of a parallelogram (see Figure 2). Thus, the 
possible stability parameters for rank maximal 3-chains of typef = 
(ro, ri, r 2 ; do, di, ^ 2 ) with ro < ri > r 2 and ro < r 2 live in the bounded 
region R. (Note that the other inequalities may still “cut away” some 
pieces from R.) 


5.3. Bounded parameter regions. We now demonstrate 


Theorem 5.5. Conjecture 2.10 holds true forn = 2. 

Proof. Fix the type t = {ro,ri,r 2 ',do,di,d 2 ). The cases we have to 
consider are a) ro > ri < r 2 , b) ro > ri > r 2 , and c) ro < ri > r 2 and 
ro < r 2 . We would like to adapt the strategy in the proof of Proposition 
5.1. However, if a test object contains a kernel or an image of a map, 
then the semistability condition contains the degree of that kernel or 
image which we do not know in general. So, we have to modify some 
arguments. 

Let C = (Fo, Fi, F 2 ; 01, 02) be an a-semistable 3-chain. From the 
Inequalities (5.12) and (5.13) which always hold, we derive the estimate 

^ do d2 

a2 > Ro -• 

ro r2 
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The case tq > ri. We will give a bound on under the condition that 
01 is not injective. Suppose the rank of ker(0i) is r[ and its degree is 
d[. Then, the semistability condition for the test object (0, ker(0i), 0) 
reads 

(ro + ri+ r2)d[ + airj(ro + n + rs) . . 

< rj((io + di + (^ 2 ) + rj(Q;iri -1- 0'2f'2)- 

We invoke the condition arising from the subchain (im(0i), Ei, E 2 ), i.e., 


(ro + ri + r2)(di + 1 ^ 2 ) + (airi + a2r2)(ro + ri r2) 
+ (ro + ri -|- r2)(di — dj) 

< (ri -|- r2)(do + di + d2) + (ri -|- r2)(Q;iri + Q;2r2) 

+ (ri - rj)(do + di + d2) + (ri - rj)(airi -h a2r2). 


Now, add (5.20) and (5.21) in order to hnd 

-ai(ro + ri+ r2)r[ > Ki + (airi Q;2r2)(ro - ri). 


Here, Ki := —(2ri -|- r 2 )do + (2ro + r 2 )di + (ro — ri)d 2 . Together with 
(5.12), we hnd 

Ti 

-air[ > K 2 :=-do + di, 

ro 


i.e.. 


ai < it's := — min 



If, on the other hand, 0i is injective, then we have (5.14). Now, 
—r2-(5.13) + (ro + ri)-(5.14) provides the estimate 


< K4 :=- (do-^ ■ di 

ro - ri V ri 

The case ro > ri < r 2 . First, we will derive a bound on 0:2 under the 
condition that 02 is not generically surjective. Note that the latter is 
equivalent to the fact that 02 is not injective. Thus, we may look at 
the dual holomorphic 3-chain C'^ which is (— 0 : 2 , —C(i, 0)-semistable, by 
Remark 2.3, iv), and thus ( 0 , 0:2 — Oi, a 2 )-semistable, by Remark 2.3, 
iii). Our previous computations may now be applied to hnd a bound 



02 — Oi < it's 



and, thus. 


0^2 < + ai < + K 4 . 


(5.22) 


If 02 is generically surjective, we have (5.15). Since we have already 
bounded oi from above. Inequality (5.15) provides an upper bound for 
02 . All in all, we have found lower and upper bounds for both oi and 
02 under the assumption a) ro > ri < r 2 . 
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The case ri > r2. We abbreviate r := ro+ri+r2, jj, := {dQ+di + d2)/r, 
and /ix := dl^lr'^^ r 2 := rk(ker((;/) 2 )) and ^2 •= deg(ker(02))- From the 
subchain (0, 0, ker((;/) 2 )), we get the condition 

^ ttiri + Q;2i’2 

fiK + Cl2 ^ /4 H-, 

r 


i.e., 


ciiri + a2r2 ^ 

CX2 -^ h ~ l-^K- 


(5.23) 


Next, we check the semistability condition for the subchain [Eq, im(02); 
E 2 ). We hnd 

dQ + 2d2-r2iiK ^ ai{r2 - r' 2 ) + a2r2 a]y4+_c^ 

Tq + 2 r 2 — r 2 ro + 2 r 2 — ~ ^ r 

This may be rewritten as 

I 27^2 _ 

-r2fJ^K + ai(r2 - r^) + a2»^2 < -^^ 2 /^ H-^(ciiri + 142 ^^ 2 ) + Kq, 


Kq := /i(ro + 2 r 2 ) - (do + 2 ^ 2 ), that is, 

ro + 2r2-r^ ^ ai(r^ - r2) - aara iFe ^ .s 

— < -1-(Q;iri + Q;2^2)H- } -1— r- (5-24) 

r^r r2 

We combine (5.23) and (5.24) and multiply by r^r: 
a2l’2^ - (ttiri + Q:2l’2)l’2 

< (ro + 2r2 - r2)(Q;iri + a2r2) + aiir^ - r2)r - a2r2r + tKq. 


We conclude 


Q; 2 (r 2 r + r 2 r-r 2 (ro + 2 r 2 )) < Q;i(r 2 r-r 2 r + (ro+ 2 r 2 )ri)+ riFe. ( 5 . 25 ) 

Observe r — tq — 2r2 = ri — r 2 > 0, whence the coefficient of 0:2 is 
positive. Also, 


(ro + 2r2)ri - r2r = (ro + r2)(ri - r2) > 0, 


so that the coefficient of ai is positive. (The value of tKq is (r 2 — 
ri)do + (ro + 2r2)di - (ro + 2ri)d2 (compare (5.16)).) 

The case ro > ri > r 2 . Recall that we have already bounded ai from 
above. Therefore, if 02 is not injective, then (5.25) provides an upper 
bound for 0 : 2 , too. If, on the other hand, 02 is injective. Inequality 
(5.16) holds. This inequality also provides an upper bound of 0:2 in 
terms of ai and constants depending only on the type t. Again, ai and 
0:2 are bounded both from above and below, and we are done for case 
b). 
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The case tq < ri> r 2 ; tq < r 2 - By (5.25), there is the inequality 

01-2^2 ^ OL\C\ + i^7, 

with positive constants ci and C 2 , if 02 is not injective. If 02 is injective, 
we have Inequality (5.16). If 0i is not generically surjective, then (5.25) 
for the dual chain yields 

oi2{r'Qr+ rQr-rQ{2rQ + r2)) < {a2-ai){r'Qr-T qT + {2rQ + r2)ri)+rKs, 
t'q := rk(ker( 0 )^)), i.e., 

oiiir'^r - ror + (2ro + r2)ri) 

= ai(ror + (ro + r2)(ri - ro)) (5.26) 

< a2r2{ri - Tq) + 


Set C3 := (rgr (ro + r2)(ri - ro)) and C4 := r2(ri - ro). 
checks 

^ ^ rp + r2 ^ Cl 
C 4 r2 C2 ' 


One easily 


(5.27) 


Hence, if 0i is not generically surjective, then (5.12), (5.25), and (5.26) 
bound a triangular region. The same goes for (5.12), (5.16), and (5.26) 
(cf. Figure 3). In our argument, we may therefore assume that 0i 
is generically surjective, so that we have Inequality (5.17). By (5.27), 
(5.12), (5.17), and (5.25) also bound a triangular region. Thus, we may 
also assume that 02 is injective. If 0i o 02 is generically surjective, we 
have Example 5.4. The hnal case to consider is the one in which 0i and 
02 have generically the maximal possible rank and 0 i o 02 has a cokernel 
of positive rank. We use again the abbreviations d := do + di + d 2 , 
r := ro + ri + r 2 , and /i := d/r. 


Claim. There is a constant iFg = Kg{t), such that 

/i - /i(ker(0i o 02 )) < Kg. 



Figure 3. The triangle bounded by (5.12), (5.16), and (5.26). 
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Assume, for the moment, this claim. Note that (5.16) and (5.17) 
yield 


ai{ro + r2) 

r2 


— Kio < a2 < 


ai(ro + r2) 

r2 


+ Kn. 


For a subchain C = (Fo,Fi,F 2 ) with r' := rk(Fj), j = 0,1,2, r' := 
rg + + r 2 , d' := deg(Fo) + deg(Fi) + deg(F 2 ), and /ic' := d'/r', we 

then get from the condition of ( 0 , ai, Q; 2 )-semistabihty 


tti(ror2 - ror2) < rV2(/i 


hc') + r'2r2KiQ + rV2 


Kn 


(5.28) 


If we apply this to the subchain (0, (;/) 2 (ker(())i o ^ 2 )) — ker((;/)i o ^ 2 ), 
ker((;/)i o ^ 2 )), we hnd a bound 


«i < Ki 2 — Ki2{t), 


using the above claim. This proves the boundedness of the parameter 
region. 

In order to establish the claim, we look at the dual chain C'^ = 
{Eq, El, E 2 ] 01 , 02 )- If 01 o 02 is not generically surjective, then 0 i o 02 
is not injective. Set 

K := 02 (ker( 0 i o 02 )) = ker(0i o 02 ), 


because 02 is injective. If dx ■= deg(ker(0io02)), ■= rk(ker(0io02)), 
and fiK ■= dx/rK, then 




—do + d2 — 
ro-r2 + rx 


Since C'^ is (0, a 2 — ai, Q; 2 )-semistable, the subchain (0, K, 0) gives the 
estimate 


+ 0:2 — Oil ^ —h T 


-aiTi + a2{ro + ri) 

r 


This may be rewritten as 

rxilJ^-fix) < {r2-ro)f^ + do- d2 + 

+ ——{oiiiro + r2) - a2r2) 

< — ro)/i + do — d2 + 

ro-r2 + rx f2ri + r2 , 2 ro + r 2 , . 

H-(-- do -- tti + 02 

r ^ ri — Tq Ti — To 


For the second estimate, we have used the fact that rx > r 2 — tq and 
(5.17). The above inequality clearly settles the claim. □ 
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5.4. Unbounded parameter regions and the finiteness of the 
number of chambers. If the region R{t) of possible parameters for 
semistable chains of type t is bounded, then the local finiteness of the 
chamber decomposition (2.2) implies that there are only finitely many 
chambers. In this section, we will show that also if the parameter 
region is unbounded, there are only finitely many chambers. This is 
closely related to the question whether the set of isomorphy classes 
vector bundles F for which there exist a parameter a, an o-semistable 
3-chain C = {Eq, Ei, E 2 ] 0i, 02) of type t, and an index jo ^ { 0,1, 2 } 
with F = Ej^ is bounded. We will first give some additional bounds 
for the possible parameter regions, then prove the above boundedness 
statement, and, last but not least, derive the finiteness of the number 
of chambers. 

Proposition 5.6. i) Assume tq ^ ri = r 2 . Then, there exist a constant 
Ki2 = Ki 2 (t) and a bounded region Ro(t), such that, for any ( 0 , Oi, 0:2)- 
semistable 3-chain C = (Uq, Ui, U2; 0 i, ^2) of type t, one has either 
that 02 is not injective and {ai,a 2 ) G Ro{t) or 02 is injective and 
(q;i,q; 2 ) G Ri{t). Here, Ri{t) is the region bounded by (5.12), (5.13), 
and 

ri{ai + a 2 ) = airi + a 2 r 2 < Ki 2 - (5.29) 

ii) Suppose tq = ri = r 2 . Then, there are constants K 13 and K 14 , de¬ 
pending only on the type t and a bounded region Ro(t) with the following 
property: Given any {0, a i, a 2 )-semistable 3-chain C = (Uq, Ui, U 2 ; 0i, 
02) of type t, then either a) neither (ji nor (j )2 is injective and ( 01 , 0 : 2 ) G 
Rf)(t), or b) 01 is not injective but 02 is and ( 01 , 02 ) G Ri(t), or c) 
01 is injective, 02 isn’t, and ( 01 , 02 ) G i? 2 (t), or d) both 0i and 02 are 
injective and ( 01 , 02 ) G Rsit). Here, Riit) is the region limited by the 
inegualities (5.12), (5.13), and 

Oiri + 02r2 < Kis, 

R 2 (t) is the region confined by the restrictions (5.12), (5.13), and 

-Oiri O2(ro ri) < 

and Rsit) is bounded by (5.12) and (5.13) (see Figure Ij. 

hi) Assume r^ < ri > r 2 , vq = r 2 . Then, there is a bounded 
region Ro(t), such that, for any {0,ai, 02 )-semistable 3-chain C = 
{Eq, El, E 2 ] 01, 02) of type t, C fails to be rank maximal and (oi, 02 ) G 
Ro(t) or C is rank maximal and (oi, 02 ) lies in the region Ri(t) bounded 
by (5.12), (5.16), and (5.17). 

Proof, i) We first treat the case that 02 is not injective. If 02 fails to 
be injective, then (5.25) holds true and yields 02 < Oi -|- K^/r'^. In 
the case tq > ri, we have an upper bound on oi, from the proof of 
Theorem 5.5. Thus, 02 is also bounded from above. As we have seen 
before, 02 is always bounded from below. Finally, (5.12) provides a 
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lower bound for ai. If ro < ri, then the arguments used in the proof of 
the case tq < ri > r 2 in Theorem 5.5^ show that the parameter (ai, a 2 ) 
lives in a bounded triangular region. 

Now, we assume that 02 is injective. If, in the case ro > ri, 0i is 
injective, then we are done by (5.14). We set K := ker(0i o 02 ), and 
dehne := rk(ker(0i o 02 )), fix ■= and r := Vq + ri + r 2 . The 

semistability condition for the subchain ( 0 , = (j) 2 {K),K) reads 

■ («! + as) < h - ^^K■ (5.30) 

2 r 

The semistability condition for the subchain (im(0i o 02 ), E 2 = 02 (T^ 2 ), 
E 2 ) may be written in the form 

-{ain + a2r2) (^1- -J > r2(/x - fix) + 3^2 - 3r2/x. (5.31) 

= :c 

Combining (5.30), (5.31), and (5.12) proves the claim, provided c is 
non negative. Observe rc = ro — rs + r^ = ro — ri + r0 Therefore, c is 
positive, if ro > ri. If ro < ri, we use the fact r^ > rs — ro = ri — ro to 
conclude. 

ii) If neither 0i nor 02 is injective, then (5.25) and (5.26) hold true, so 
that (ai,a 2 ) is an element of the triangular region bounded by (5.12), 
(5.25), and (5.26). If 02 is injective but 0i is not, one may use the 
arguments from the proof of i). Likewise, one gets the result in the 
case where 0i is injective but 02 is not, by looking at the dual chain. 

iii) If 01 o 02 is not rank maximal, one may use the same arguments 

as in the proof of Theorem 5.5, Case ro < ri > r 2 , tq < r 2 , to see that 
(ai, a 2 ) belongs to a bounded subset of □ 

Theorem 5.7. Fix the type t. Then, the set of isomorphy classes of 
vector bundles E for which there exist a parameter a, an a-semistable 
3-chain C = {Eq, Ei, E 2 ; 0i, 02) of type t, and an index jo G { 0,1, 2 } 
with E = Ejq is bounded. 

Proof. The assertion is well known for one hxed parameter a. By the 
local hniteness of the chamber decomposition ( 2 . 2 ), the theorem is also 
clear, if a is allowed to move in a bounded region. Thus, we are left 
with the cases of Proposition 5.6. 

Case i). Let C = (i?o,-^i,-^ 2 ; 0i, 02 ) be 3-chain of type t which is 
semistable w.r.t. some parameter a. Again, we may exclude a bounded 
region, so that we may assume that 02 is generically an isomorphism. 
First, we look at a subbundle E of Eq. The semistability condition for 
(F, 0 , 0 ) gives 

do + di -\- d 2 + a 2 r 2 do + *^1 + <^2 , -^12 

T[F) <-^-<-^-=: -^15- 

_ ri+r 2 r ro + ri+r 2 r 

^More precisely, one checks that either (5.12), (5.25), and (5.26) or (5.12), (5.17), 
and (5.25) apply, because 02 is not injective. 
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Since Ki^ depends only on the type, this implies that Eq moves in a 
bounded family. Next, let F be any subbundle of E 2 that is contained 
in the kernel of 0i o 02. We look at the subchain (0,F = (j) 2 {F),F). 
This gives 


^^0 + ^ r 



(cii + 0 : 2 ) < Kiq, 


by (5.12). Now, let F be an arbitrary subbundle of E 2 . Then, we hnd 
the extension 


0 - F' := F n ker(0i o ^ 2 ) -^ F 

-. F" := (01 o 02) (F) -. 0. 


Thus, 


/i(F) 


rk(F')/i(F0 + rk(F")p(F") 
rk(F) 


< max{Fi5,Fi6}. 


This shows that E 2 lives in a bounded family, too. Finally, Fi is given 
as an extension 


0 ->■ E 2 -Fl -T -0, 

with T a torsion sheaf of length di — d 2 - It follows easily that Fi also 
belongs to a bounded family. 

Case ii). If 02 is injective, but 0i is not, then we may argue as in 
Case i). Similarly, we obtain the result in the case that 0i is injective, 
but 02 is not. Finally, we look at the case where both 0i and 02 
are injective. For any subbundle F of E 2 , we look at the subchain 
{F = (01 o 02) (F), F = 02(F), F). This yields the condition 

p(F) < p. 

This proves that E 2 is a member of a bounded family. For Eq and Fi, 
we hnd the analogous result by looking at the extensions 

0 - E2 -^ -1^0,1 -^ ^0,1 -^ 0, 

with To^i a torsion sheaf of length do.i ~ <^ 2 - 

Case iii). If C is a rank maximal chain, then we get Condition (5.28) 
for every subchain C = (Fo,Fi,F 2 ) of C. Now, suppose that F is 
a subbundle of F 2 and look at the subchain (F = (0i o 02)(F),F = 
02(F), F). Then, (5.28) yields the estimate 

p(F) < /i + —Fio H—Fii =: F17, 

6 r 

so that the family of possible F 2 ’s is bounded. Since Fq is an extension 
of a torsion sheaf of length do — ^2 by F 2 , the family of possible Fq’s 
is bounded, too. Next, if F is a subbundle of Fi which is contained in 
the kernel of 0i, then the condition for the subchain (0, F, 0) gives 

-ai(ro + r2) + tt2r2 F0_6) 

- < Fig. 


h(^) < h + 


r 
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An arbitrary subbundle F of Ei is written as an extension 
0 -^ F := F n ker(0i) -^ F -^ F" := 0i(F) 


We infer 

/i(F) 


rk(F')Ai(F 0 + rk(F")/i(F") 
rk(F) 


< niax{ Fi 7 , Fi 8 } 


and settle the theorem. 


^ 0 . 


□ 


Corollary 5.8. Fix the type t. Then, there are only finitely many 
“effective” chambers. 

Proof. By Theorem 5.7, there is a constant doo = doo(t), such that, for 
any ( 01 , 0 : 2 ) ^ 1^^, any o-semistable holomorphic chain C = {Eq,Ei, 
E- 2 ] fill of type t, a := ( 0 , 01 , 02 ), any index jo ^ { 0 , 1 , 2 }, and 
any subbundle F C Ej^, one has deg(F) < d^c- One easily derives the 
following assertion. 


Lemma 5.9. Fix a constant L. Then, there is an integer di = dfit, L), 
such that for any ( 01 , 02 ) G any a-semistable holomorphic chain 
C = (Fo, Fi, F 2 ; 01, 02) of type t, a := ( 0 , 01 , 02 ), and any subchain 
C = (Fo,Fi,F 2 ), one has 

deg(Fo) + deg(Fi) + deg(F2) ^ ^ 
rQ + ri + r2 

whenever there exists an index jo G { 0 , 1 , 2 } with deg(Fjg) < di. 


We go again through the cases of Proposition 5.6. 

Case i). As usual, we may assume that 02 7 ^ 0 for the chains we 
are dealing with. Let C = (Fo, Fi, F 2 ; 0i, 02 ) be such a chain and 
C = (Fo, Fi, F 2 ) a subchain. Note that (5.29) provides an upper bound 
for oi + 02 and that “-r2(5.13) + (ro + ri)(5.29)” gives an upper bound 
for oi. Since rk(Fi) > rk(F 2 ), it is easy to hnd a constant Fig = Kig(t) 
with 


< 


Iv{Fq © Fi 


/^(Fo © Fi 

/^(Fo © Fi © F2 


Oirk(Fi) + 02rk(F2) 

^ rk(Fo © Fi © F 2 ) 

, Oi(rk(Fi)-rk(F 2 )) , 
-^ 2 ) H- , , „ _ ^ , -h 


rk(Fo © Fi © F 2 ) 
Kig. 


(oi + 02 ) rk(F 2 ) 
rk(Fo © Fi © F 2 ) 


On the other hand, by (5.12), 
do + di + d2 


oiri + 02r2 

H-^^> F2o- 


ro + ri+ r2 © + ri + r2 

With Lemma 5.9, we see that, if there is one index jo G {0,1,2} with 
/i(Fj(,) < di(t,K 2 o — Fig), then the condition 


/^(Fo © Fi © F 2 ) 


Oi rk(Fi) + 02 rk(F 2 ) ^ do + di + d 2 «©! + Q; 2 r 2 


rk(Fo © Fi 


ro + ri+ r2 © + ri + r2 
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is satisfied. We, therefore, define 

‘5eff := I (-So,Si,S2;e) | 0 < < r^, j = 0,1, 2, 

0 < So + Si + S2 < To + ri + r2, 

3di{t, K 20 - Kig) <e< 3doc{t) 

This is a hnite set. As in Section 2.4, we derive a decomposition of 
into a (now hnite) set of chambers. Together with the chamber decom¬ 
position of Ro{t), we thus obtain a decomposition of into a hnite set 
of locally closed chambers, such that the property of Proposition 2.12 
remains true. 

Case ii). The arguments of Case i) apply to such chains where one 
map fails to be a generic isomorphism. Hence, we are reduced to study 
chains C = {Eq, i?i, i? 2 ; 0i, ^ 2 ) where both 0i and 02 are injective. Note 
that, by (5.12) and (5.13), there is constant K 21 with 

Oil ^ 2(42 + K 21 . 


We may use a simple modihcation of the argument given at the end 
of the proof of Theorem 5.1 to see that there is a constant K 21 which 
depends only on the type t, such that 


/l(Fo © Fi © F 2 ) + 


ai rk(Fi) + Q; 2 rk(F 2 ) 

rk(id) © Ti © F 2 ) 


^ f^i^O © Ti © T 2 ) + ^22- 


The rest of the proof proceeds as before. 

Case iii). We look only at chains C = {Eg, i?i, i? 2 ; 0i, ^ 2 ) where 0i o02 
is generically an isomorphism. Note that (5.16) and the lower bound 
for (42 provide us with a lower bound for ai. Using (5.28) and rk(F 2 ) < 
rk(Fo) for every subchain C = (Fo,Fi,F2) of C, we hnd a constant 
A 23 with 

ar2(r2 - r^) = ai(ror2 - ror2) < iP23- 
For an appropriate choice of L, (5.28) will be satished with “<”, if 
there is jo G { 0,1, 2 } with ^{Fj^) < di{t, L). Hence, we may continue 
as before. □ 


Example 5.10. In Figure 4, we sketch the shape of the parameter 
region together with its chamber structure away from some bounded 
region in the cases ro 7 ^ ri = r 2 and ro < ri > r 2 , ro = r 2 . We 
have also marked an “extremal chamber” Coo- The hope is that one 
can understand the corresponding “extremal moduli space” sufficiently 
well to start the investigation of other moduli spaces via birational 
transformations, using the results from Section 4. 

5.5. Concluding remarks, i) For any type t, we have found a region 
R{t) C M^, such that the existence of an (0, Oi, Q; 2 )-semistable chain of 
type t implies (oi, 0 : 2 ) G R{t). (Although the bounds we have found as 
well all the constants appearing are given by complicated expressions. 
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Figure 4. Unbounded parameter regions for 3-chains. 


they can be explicitly determined.) If we want that R{t) has a non¬ 
empty interior, we hnd non-trivial restrictions on the type. E.g., for 
tq > ri < r 2 , we have 


do 

ro 


di 

— < a2 < — 

r2 ro 


ri 


(do - j 


2 

H- 

r2 - ri 



ii) For augmented or decorated vector bundles, i.e., vector bundles 
together with a section in the vector bundle associated by means of 
a homogeneous representation p\ GLr(C) —> GL(U), the connection 
between the behaviour of the semistability concept for large param¬ 
eters and the invariant theory in V has been understood in general 
in [23]. To our knowlegde, we investigate here for the hrst time the 
analogous question for a reductive group other than GLr(C) (namely, 
GLrp(C) X GLri(C) X GLr 2 (C)). Our arguments are valid only for the 
special situation we are looking at, but in view of Theorem 5.1, the 
relationship between the shape of the region of possible stability pa¬ 
rameters and the invariant theory in Hom(C^2, C^'^) © Hom(C^bC^°) 
is clearly perceptible. Thus, we get some feeling why Gonjecture 2.10 
and some more general properties should be true. 


6. Extremal moduli spaces for 3-chains 

This section serves as an illustration of the geometry of moduli spaces 
for 3-chains and its relation to other problems. We will study a few 
specihc types in which we have inserted “ones”. This condition is used 
to grant that the chains we will consider are all rank maximal, so that 
we have a good picture of the a priori parameter region R(t) and may 
exhibit a two-dimensional chamber C^o which yields the “asymptotic 
moduli spaces”. We may expect that these moduli spaces are in a 
certain way the easiest and are related to other well-known moduli 
spaces such as moduli spaces of semistable vector bundles. On the other 
hand, we have laid in previous chapters the foundations for studying 
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other, birationally equivalent moduli spaces via the “flip-technology”. 
Although we discuss only very special types, it becomes clear how one 
may in general relate the moduli spaces in the extremal chamber Coo 
to the moduli spaces on the nearby boundaries that one may usually 
understand quite easily (compare Propositions 6.4 and 6.5 below). This 
should give the reader sufficient material to attack any special case she 
or he is interested in. 

6.1. Generalities on modnli spaces for type {m,l,n]do,di,d 2 )- 
In the next two sections, we will describe the moduli spaces Ma(i) for 
the type t = (m, 1, n; do, di, ^ 2 ) with respect to the stability parameters 
a which lie in a certain “extremal” two-dimensional chamber. To this 
end, we first recall the results concerning the parameter region and the 
moduli spaces that we have already obtained. 

Let C be a two dimensional chamber. All the chains that we will have 
to consider will be automatically rank maximal in the sense of Section 

5.2, because of Remark 2.6. Therefore, we only have to look at the 
relevant inequalities from Proposition 5.3 that bound the parameter 
region R{t). Let us remind the reader what these inequalities are and 
how they are obtained. 

Inequality 1. Obviously, Ei, E 2 ) is a subchain. Note that 

im((;/)i) is isomorphic to Ei, so that it has degree di and rank 1. The 
condition of a-semistability for this subchain reads 

(m — 1 )q;i + {m — l)na 2 < Aj := {n -|- 2)do — (2m -|- n)di + (1 — m)d 2 . 

Inequality 11. The condition of a-semistability for the subchain {Eq, 
0, 0) produces the inequality 

max -|- mna 2 > An := {n + l)do — ^di — md 2 . 

Inequality III. Here, one checks a-semistability for the subchain (Eq, 
Ei,0). This gives 

—nai + {m + l)na 2 > Am := ndo + ndi — {m + 1 )^ 2 . 

Inequality IV. This inequality only applies, if n > 1. One uses the 
subchain (0, 0, ker((;/) 2 )). Clearly, ker(02) has rank n — 1 and degree 
deg(i? 2 ) — deg(im((;/) 2 ))- Since im(02) is a non-trivial subsheaf of the 
line bundle Ei, deg(im(02)) < di, i.e., deg(ker(02)) > ^ 2 —di. Thus, the 
condition of a-semistability for the given subchain implies the necessary 
condition 

— (n—l)Q;i-|-(m-|-l)(n— 1 ) 0:2 < Ajy := (n—l)do-|-(m-|-2n)di —(m-|- 2 )d 2 . 

Remark 6.1. i) If n > 1, then the Inequalities I-IV bound a parallelo¬ 
gram. One checks that potential destabilizing objects are of the form 
(Fo;0,0), (0,0,F2), and {Eq, Ei, E 2 ) (we do not have to consider sub¬ 
chains of the form [Eq, 0, E 2 ), because the condition of o-(semi)stability 
for such a subchain follows from those for the subchains (0, 0, E 2 ) and 
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(Fo,0,0)). One checks that the corresponding one-dimensional walls 
are parallel to one of the sides of the parallelogram. 

ii) For n = 1, the inequalities I-III bound an “open parallelogram”. 
We claim that all the one-dimensional walls are dehned by an equa¬ 
tion of the form ai + a 2 = c. Therefore, the parameter region with 
its chamber structure looks as depicted in Figure 5. In fact, if C : = 
{Eq, El, E 2 ', (j)i,(j) 2 ) is an a-semistable but not a-stable chain, then we 
hnd an a-destabilizing subchain (Fq, Ei, E 2 ). Setting C := (Fq, Fi, E 2 , 
0i|Fi, 02|F2) and C" := C/C, the chain C := C" © C" is still a- 
semistable. If we assume that a lies in the interior of R{t), then none of 
the homomorphisms in C must be zero. If we replace C by C, then we 
easily see that the wall containing a is dehned via a subchain (0, 0, F 2 ). 
From this, one immediately arrives at our claim. 



Figure 5. The chamber structure for 3-chains of type 
(m, 1, l;do,di,d2). 

Finally, we also add the following useful observation. 

Lemma 6.2. i) Suppose n = 1. Then, R{t) has a non-empty interior 
if and only 



that is, the sub sheaf im^cfi) does not destabilize Fq. 

ii) If n > 1, then the parameter region has a non-empty interior if 
and only if the condition in i) holds and additionally 


(m + l){ndi — ^ 2 ) ~ md 2 > 0. 


Proof, i) The interior of R{t) is obviously non-empty if and only if 
m- Ai> {m — l) ■ All in the above notation. A few simplihcations lead 
to the assertion. 

ii) The second condition arises from evaluating the inequality n ■ 


Aiy > (n — 1) ■ Am. 


□ 
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Remark 6.3. i) We note that the inequality in Lemma 6.2 implies that 
di < {do — di)/{m — 1 ). 

ii) It will later be interesting to know that, in Lemma 6.2, we may 
choose di and d 2 in such a way that the inequality holds and {ndi — ^ 2 ) 
is a prescribed value (which might also be negative). 

First, let us analyze the moduli spaces for parameters which do lie 
on the boundary of the parameter region. If the stability parameter 
a lies on one of the boundaries determined by Inequality II or III, 
then we have described the moduli space in Corollary 2.18. Thus, one 
of the remaining cases is the one when (m — 1 )q;i + (m — 1 ) 77 , 0:2 = 
{n + 2 )do — {2m + n)di + (1 — 777 )^ 2 - We assume that the remaining 
Inequalities II, III, and IV are strict, so that both 02 ^ 0 and 0i ^ 
0. Suppose {Eo,Ei,E 2 ](f>i,(l> 2 ) is o-semistable. By the dehnition of 
the boundaries, the subchain {im{(j)i), Ei, E 2 ) becomes destabilizing. 
Standard arguments now show that 

• (im(0i) = El, El, E 2 ) is an o-semistable holomorphic 3-chain 
of type t' := {m, 1,1; do, di, ^ 2 ), 

• Qo '■= Eq/ im( 0 i) is a semistable vector bundle of degree do — di 
and rank 777 — 1 , and 

• {Eo, El, E 2 ;(t>i,(t> 2 ) is S-equivalent to the chain (im(0i) © Qo; 
El, E 2 , 01, 02). 

We infer. 

Proposition 6.4. The natural morphism 

Cl'. M.a{t) —^ M.a{t') X ld{n — 1, do — di) 
[Eo,Ei,E2;(j)i,(j)2] I—^ ([im(0i),Ei,E2;0i,02], [.Fo/im( 0 i)]) 

is bijective, and there is also the inverse morphism 

Tj: A4a{t') X U{n — 1, do — di) — ■Ma{t) 

{[Ei,Ei,E2',4>i,4>2],[Qo]) I—^ [El (B Qo, El, E 2 ', (j)i,4>2]- 

The other case to consider is the one when —{n — l)oi + (777 + 1)(77 — 
1)02 = (77 — l)do + (777 + 2n)di — (777 + 2)d2. We may assume that the 
remaining Inequalities I, II, and III are strict, i.e., 02 ^ 0 and 0i ^ 0. 

Proposition 6.5. There are the bijective morphisms 

aiv'- Ma{t) —^ l/{n — l,d2 — di) X Ma{m,l,l;do,di,di) 

lEo,Ei,E 2 ;(/)i,(/) 2 ] I—^ ([ker( 02 )], = ^ 2 /ker( 02 ); 0 i, 02 ]) 

and 

tiy'. U{n — l,d 2 — di) X Ma{m,l,T,do,di,di) — Ma{i) 
{^[K2\,[Eo,Ei, Ei,(l)i,(l)2{^ I->■ © ,^ 2 ; 01, 02]- 
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6.2. Extremal moduli spaces for type (m, 1,1; do, <^ 2 )- Now, 
suppose a = { 0 ,ai,a 2 ) is such that ( 01 , 02 ) lies in the chamber Coo 
(i.e., the chamber in the interior of R{t) which is adjacent to the 
line Li on which Inequality I becomes an equality; see Figure 5). Let 
= (0, , a^) be such that (of^, o^) is an element of CooHLi. Note 

that 01+02 < of^+o^, so that fia(t) < Let (Eq, Ei, E 2 ; 0i, ^ 2 ) 

be an o-semistable holomorphic chain of type t = (m, 1,1; do, di, ^ 2 )- 
We note the following properties. 

Proposition 6.6. i) The vector bundle Eq does not possess a subbundle 
of slope (do —di)/(m —1) or higher and is given by a non-split extension 

0 - El - Eq - Qq -0 

of a semistable vector bundle Qq of degree do — di and rank m — 1 by 

El. 

ii) In i), we have 

dime (Ext ^(Qo, Ei)) = do - mdi + {m - l){g - 1). 

Proof, i) By Proposition 2.12, we know that (Eq, Ei, E 2 ; 0i, ^ 2 ) is also 
o^-semistable. By the results stated before Proposition 6.4, this im¬ 
plies that im((;/)i) = Ei is a subbundle of Eq and that Qq := Eq/ im((;/)i) 
is a semistable vector bundle of degree do — di and rank m — 1. Observe 

-— = p,{Qq) = fict^{EQ, El, E 2 ] 01 , 02 )- ( 6 . 1 ) 

m — 1 

For a subbundle Eq of Eq, we thus obtain 

T{Eq) < /io(Eo, El, E2, 01 , 02 ) < Ha^iEQ, El, E2, 01 , 02 ) = -—. 

m — 1 

This also implies that the extension is non-split. 

ii) Recall from Lemma 6.2 that di < /i(Eo), whence fi{Qo) > Iv{Eq). 
Since Qq is semistable, this implies 

® El) = Hom(go, Ei) = {0}. 

Since Ext^(go, Ei) = H^{Qq ® Ei), the given formula is a consequence 
of the Riemann-Roch theorem. □ 

There is also a partial converse to Proposition 6.6. 

Proposition 6.7. Let a = {0,ai,a2) be a stability parameter with 
{ai,a 2 ) G Coo- Then, a holomorphic chain C = (Eq, Ei, E 2 ; 0i, 02) 
with El a line bundle of degree di, D an effective divisor of degree 
di — d 2 , Qq a stable vector bundle of degree do — di and rank m — 1, 

0 - El — Eq -i- Qq -i- 0 

a non-split extension, E 2 := Ei{—D), and 02: E 2 C Ei is a-stable. 
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Proof. For any non-trivial subbundle Fq C Eq, we have to check the 
stability condition for the subchain (Fo,0,0), and, if Ei C Fq, also for 
the subchains (Fo,i?i,0) and {Fq, Ei, E 2 ). 

In the following, let = (0, , a^) be such that is a 

point on Li which lies in the interior of the region depicted in Figure 
1. Let Fq be a subbundle of Eq. If Fq fl i^i = {0}, we hnd 

p{Fo) < p{Qo) = -— = Pa’^{EQ, El, E 2 ; 01 , 02 ), 

m — I 

because the extension is non-split. Otherwise, Ei E Fq, and we have 
the exact sequence 

0 - El - Fq - Fq/Ei -0 (6.2) 

where 

p{Fq/Ei) < fJ,{Qo) = /iQ,M(Fo, El, E 2 , 01, 02). 

On the other hand. 

Lemma 6.2 

P\El) = di < /i(Fo) < /Xq,m(Fo, Fi, F 2 ; 01, 02). 

These two facts imply again 

P{.Fq) < /iQ,M(Fo, Fi, F 2 ; 01, 02). 

This strict inequality still holds for all (q;i,q;2) in the interior of the 
parameter region that are close enough to ,a^). By dehnition of 
the chamber decomposition, it must then hold for all (q;i,q;2) G Coo- 
Next, let us look at a subchain of the type (Fq, Fi, 0), Fq a subbundle 
of Eq. In this case, Fq must contain im(0i), so that we have again the 
extension (6.2). We claim that 


p,,M(im(0i),Fi,O;0i,O) < /i,,M(Fo, Fi, F 2 ; 0i, 02). 
Since ,a^) lies above the line Lm, we have 


haAf (Fq, Fi, 0; 01, 0) < /iQ,M(Fo, Fi, F 2 ; 01, 02). (6-3) 

The subchain C = {Eq, Ei, 0; 0i, 0) is an extension of the chain C” : = 
(Qo, 0, 0; 0, 0) by the chain C' := (im(0i), Fi, 0; 0i, 0). Hence, 


flotM (C*) 


rk(C'VaM(C'') + rk(C''VaM(C'") 

rk(F) 


Since /i^M {C") = (C), our contention follows from (6.3). By the 

stability of Qq, we also have 


/i(Fo/Fi) < /i(Qo) — (Fq, Fi, F 2 ; 01, 02). 
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Therefore, 

/iQ,M(Fo, El, 0 ; 01 , 0 ) 

di -\- di -\- deg(To/-Si) T 

1 + rk(Fo) 

_ 2 /x^M(im( 0 i),Ei,O; 0 i,O) + (rk(Fo) - l)^{Fo/Ei) 

1 + rk(Fo) 

2 /i^M(Eo, El, E 2 ; 01 , 02 ) + (rk(Fo) - 1)^^m{Eq, Ei, E 2 ; 0 i, ^ 2 ) 

l + rk(Fo) 

Again, we see that the same inequality holds for stability parameters 
a = ( 0 ,q;i,q; 2 ) with (q;i,q; 2 ) G Coo- 

For proper subchains {Eq, Ei, E 2 ), we obtain the chain (im(0i),i?i, 
-^ 2 ; 01 , 02 ) with 

/i„M(im(0i), El, E 2 ; 01, 02) = /ia^(C) 
and the proper subbundle Eq/Ei of Qo for which we have 

/i(Eo/Ei) < fJ,{Qo), 

by the stability of Qq. This enables us to conclude as before. □ 

Recall the following. 

• For (0, ai, 0 : 2 ) with (ai, 0 : 2 ) G Coo, a holomorphic chain (Eq, Ei, 
-C 2 ; 0 i, 02 ) of type t is (0, ai, a 2 )-semistable if and only if it is 
(0, «!, Q; 2 )-stable. (This follows from Proposition 2.11.) 

• For (a0 0 : 2 ) ^ Coo, f = 1,2, a holomorphic chain {Eq, Ei, E 2 , 
01 , 02 ) of type t is ( 0 , aj, Q; 2 )-semistable if and only if it is 
(0, af, Q;|)-semistable. 

We may now describe the moduli spaces which belong to a stability 
parameter in the chamber Coo- 

Corollary 6.8. The moduli space Ma(t) for a = {0,ai,a2) and (oi, 
0 ^ 2 ) G Coo is a connected smooth projective variety of dimension 

do — {m — l)di — d 2 + (rn — l)m[g — l) + g. 

It is birationally equivalent to a ¥^-bundle over the product x 

X{di-d2) 

X W{m — 1, do ~ di) of the Jacobian of degree di line bundles, 
the (di — d 2 )-fold symmetric product of the curve, and the moduli space 
of stable vector bundles of rank {m — 1) and degree {do — di), N := 
do — mdi + {m — l){g — 1) — 1. 

Proof. The only thing that we have to prove is the irreducibility. The 
smoothness results from the fact that all o-semistable 3-chains of type t 
are a-stable and Theorem 3.8, v). The assertions about the dimension 
and the birational model are evident from Propositions 6.6 and 6.7. 
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(Note that Theorem 3.8 also gives the dimension.) It suffices to ex¬ 
hibit an irreducible parameter space for all a-semistable objects. The 
product X parameterizes the pairs (02: Ei{—D) C Ei). 

Moreover, it is well know that one can construct an irreducible variety 
A and a family on A x X which contains any semistable vector 
bundle of rank (m — 1) and degree (do — di). Using the theory of 
universal extensions [18], we may construct an affine bundle B over 

jd^ 

X A and a vector bundle Eq that consists of all vector bundles 
which are extensions of a vector bundle Q corresponding to a point 
a G M by a line bundle of degree di. Thus, T) := x is an 

irreducible variety which carries a universal family of chains, such that 
any a-semistable chain belongs to that family. Since a-semistability is 
an open condition, there is an open subvariety that parameterizes 
exactly the a-semistable chains. The irreducible variety T>^ surjects 
onto the moduli space □ 

Proposition 6.9. Let a* = (0,000:2), i = 1,2, he two stability pa¬ 
rameters, sueh that (oj, o0 G R{t) fl i? 2 c/- 2 , * = 1, 2, that do not lie on 
any wall. Then, A4a^(t) and AAopit) are hirationally equivalent smooth 
projective varieties of dimension do — {m — l)di — d 2 + {rn — l)m{g — l)-\-g 
or empty. 

In particular, i/i? 2 g- 2 n Interior(i?(t)) is non-empty, then these vari¬ 
eties are hirationally equivalent to a -bundle over the product x 
Xidi-dL X U^(^m — 1, do — di), N := do — mdi -\- {m — l){g — 1) — 1. 


Proof. If o does not he on any wall, then the notions of o-stability and 
o-semistability are equivalent, by Corollary 2.14. Therefore, Theorem 
3.8 grants the smoothness of the moduli spaces and determines the 
dimension. We will first study the region Interior(i?(t)) fl R{t). 

Let o° = (0, o°, O 2 ) be a parameter where ( 0 °, 0 °) lies on a wall in the 
interior of R{t) and C := [E^, E[, E^, (f'l, and C" := {Eq, E'(, Elf] 
0'/, 02) two o°-semistable 3-chains of type f and t”, respectively, such 
that t = t' + t'' and the map b defined in (3.3) is an isomorphism. Since 
C = C (B C" will be an a^-semistable chain and lies in the interior 
of R{t), no map in C must be zero, by Remark 2.6. We write t' = 
(rg, rj, dg, dj, d'^) and t" = (rg, rj', r'j] dg, d'/, d'f). Since we require the 
maps in C to be non-zero, there are two possibilities: a) (rQ,r0r0 = 
(m', 1,1) and (rg,r'/,r 2 ) = (m",0,0) or b) (rg,r0r0 = (m',0,0) and 
(rg, r'/, r'f) = {m", 1,1). For a general point x E X, we let V and V" be 
the restrictions of C and C", respectively, to {x}. These are C-linear 
chains. With (4.27), we compute 


^{y'f V') = m'm" 


in Case a). If 6 is an isomorphism, we must have xiY" 1 ^') = 0) by 
Lemma 4.10. Since m' and m” are both non-zero, this is impossible. 
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In Case b), we compute V) = m'm" — m'. For this quantity 

to become zero, we must have m" = 1 and m' = m — 1. Thus, V 
has rank-type {m — 1,0,0) and V has rank type (1,1,1). Note that 
these types are not excluded by Theorem 4.16. It remains to compute 
the dimension of the resulting flip loci. Thus, let C = {Eq, 0, 0; 0, 0) 
be an a^-semistable chain of type (m — 1, 0, 0; dg, 0, 0) (which means 
that Eq is a semistable vector bundle of rank m — 1 and degree dg) and 
C" = (F'q , i?i, F' 2 ; 02) an Q;°-semistable holomorphic chain of type 

(1,1,1; dg, di, d 2 ). We have to compute dimc(Ext^(C", C')). Note that 
Hom(C",C") = {0} and that 'E?{C'\C') = {0}, by Proposition 3.5. 
Therefore, Proposition 3.2 gives 

dime (Ext^(C", C')) = {m — l)(dQ — di). 

Thus, the space of isomorphy classes of a^-semistable chains C which 
are non-split extensions of a chain C" by a chain C as above has 
dimension 

(m — ly [g — 1) + g + md'^ + (1 — m)di — d 2 . (6.4) 

By assumption, we have 

hao(C"0=/i„o(C") 

that is 

(m — 1)(q;? -|- a^) = 3do — {m + 2)dg + (1 — m)di + (1 — m)d 2 . (6.5) 

Since {a^,a 2 ) is supposed to he in the interior of the region R(t), we 
hnd 

TTl 

-r(3do — {m + 2)dQ + (1 — m)di + (1 — mdjd^) > 2do — mdi — md 2 

TTX -L 

which amounts to 

mdg < do. 

Plugging this information into (6.4) and using the dimension formula 
Theorem 3.8, iv) (which applies for the same reasons as before), we see 
that the locus of chains C which are extensions of the type we have 
considered has codimension at least g in the relevant moduli spaces, 
whence we may forget about these extensions. 

The arguments given in Proposition 4.19 deal with the remaining 
cases (in which the map b cannot be an isomorphism). □ 

Remark 6.10. The minimal possible value for dg is di. In that case, 
(6.5) describes exactly the line Lj. 

6.3. Extremal moduli spaces for type (m, 1, n; do, di, d 2 ) where 
n > 1. Under this assumption, the chamber structure looks like the one 
depicted in Figure 6 (compare Remark 6.1). In this section, we set out 
to describe the moduli spaces for stability parameters a = ( 0 , 01 , 0 : 2 ), 
such that ( 01 , 02 ) E C := Coo- U turns out that the geometry of these 
moduli spaces is closely related to the geometry of Brill-Noether loci. 
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As before, we first describe the necessary conditions that have to be 
fulhlled by a-semistable objects. To this end, we £x stability parame¬ 
ters and = (0, The assumption 

is that is contained in the relative interior of CflLi and that 

is contained in the relative interior of C fl Liy. 



Figure 6. The chamber structure for 3-chains of type 
(m, l,n;do, c?i,c? 2 )- 

Proposition 6.11. i) The vector bundle Eq does not possess a sub¬ 
bundle of slope (do — di)/{m — 1 ) or higher and is given by a non-split 
extension 

0 - > El ->■ Eq - > Qq -> 0 

of a semistable vector bundle Qq of degree do — di and rank m — 1 by 
El. 

ii) In i), we have 

dime (Ext^(Qo,-Si)) = do - mdi + {m - l){g - 1 ). 

hi) Set K 2 := ker( 02 ). Then, K 2 is a semistable vector bundle of 
rank n — 1 and degree d 2 — di. The vector bundle E 2 is given as a 
non-split extension 

0 ->■ K 2 ->■ E 2 -> El ->■ 0 . 

Proof. Part i) and ii) are checked in the same fashion as their coun¬ 
terparts in Proposition 6.6 (i.e., by using that an a-semistable chain is 
also o^^-semistable). 

In order to establish iii), we use that an o-semistable chain is 
semistable, too. Then, the assertion becomes a straightforward conse¬ 
quence of Proposition 6.5. □ 

Remark 6.12. We emphasize that we do not have a formula for comput¬ 
ing dim(Ext^(Fi, 1 ^ 2 )) = h°(i? 2 ), -B 2 := Kf ^Ei<^uJx, in Part hi) of the 
above proposition. The degree of B 2 is 62 := ndi — d 2 + {n — l){2g — 2). 
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In Remark 6 . 3 , we have already stressed that 62 can take on any pre¬ 
scribed value. The understanding of our moduli spaces thus rests on 
our understanding of the spaces of global sections of the semistable 
vector bundle B 2 . This gives an interesting link between our moduli 
problem and Brill-Noether theory that we shall exploit below. 

In the next step, we will demonstrate a partial converse to Proposi¬ 
tion 6.11. 

Proposition 6.13. Assume a = ( 0 , 01,0:2) is a stability parameter, 
such that ( 01 , 02 ) belongs to the chamber Coo- Suppose that C : = 
{Eq, El, E 2 ;(f>i,(f> 2 ) is a holomorphic 3-chain of type t, such that Ei is 
a line bundle of degree di, Qq a stable vector bundle of degree do — di 
and rank m — 1, 

0 - El — Eq - Qo -0 

a non-split extension, K 2 a stable vector bundle of rank n — 1 and 
degree d 2 — di, and 

0 - K 2 -^ E 2 —El - 0 

a non-split extension. Then, C is a-stable. 

Proof. First, we look at a sub chain ( 0 , 0 , F2) where E 2 is a subbundle of 
K 2 . The dehnition of the wall Liv implies that, for a stability parameter 
o = (0,01,02), such that (01,02) lies in the interior of the parameter 
region R(t), one has 

d2 — di 

--—h 02 < iia\C). 

n — 1 

Since K 2 is, by assumption, a stable vector bundle, we also have 

/ 1-1 \ ~ *^2 — di ^ 

fr{E 2 ) -|- 02 <--—h 02 < HayC), 

n — 1 

so that the chain (0, 0, E 2 ) is not destabilizing for any stability param¬ 
eter as in the proposition. 

With the methods of the proof of Proposition 6 . 7 , one also checks 
that no subchain of the form [Eq, 0 , 0 ) is destabilizing. This also implies 
that subchains of the form [Eq, 0, E 2 ) aren’t destabilizing either. 

The remaining case to study is that of a subchain of the shape 
{Eq, El, E 2 ). We begin with the following construction. We have the 
subchain C' := ( 0 , 0 , 772; 0 , 0 ) of C and form the quotient chain C := 
C/C. Note that C = (i 7 o, l^i, l^i; 0 i, 02)- This 3 -chain possesses the 
subchain C" := {Ei = im( 0 i), i 7 i, i 7 i; 0 i, 02)- Let C" := CjC" . The 
chain C"' is given as {Qo, 0, 0; 0, 0). Let := (0, , a^) be the sta¬ 

bility parameter that is characterized by the condition that {af^, a^) 
is the point of intersection of the lines Li and Liy. By construction, 
we have 


Ta^{C) = p,aM{C'') = p,aM{C'") = (t). 


( 6 . 6 ) 
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The chains C and C" are a- and a^-stable, because the vector bundles 
Qo and K 2 are stable. We claim that the chain C" is a^-stable, too. 
For this, we have to check the two subchains Ci := and 

C 2 := (i?i,0,0). The condition 

/Xq.m (^Ci) ^ /Xq.m (^C ), t I-5 2, 

follows by applying a trick similar to the one used in the proof of Propo¬ 
sition 6.7, because Ci and C2 may also be viewed as subchains of C, 
and the fact that a^) lies in the interior of the intersection of the 
two half spaces dehned by the Inequalities II and III (see Figure 1) im¬ 
plies that the two subchains (i7o, 0, 0) and (i7o, 77i, 0) do not destabilize 
C. _ 

Now, we return to a subchain C = (Fq, Fi, F 2 ) of C. We write the 
vector bundle F2 as the extension 

0 - K2 := F2 n K2 -^ F2 -^ Q2 -^ 0 , 

and the vector bundle Fq as the extension 

0 - El - > Fq - > Qq -> 0 . 

With these constructions, we find the subchain C' := (0,0, K 2 ) of 
C", the subchain C := {Ei, Ei,Q 2 ) of C", and the subchain C : = 
(Qo,0,0) of C'". 

Exploiting the a^-stability of C, C'\ and C"" and the fact that one 
of the subchains C , C , and C will be a proper one, we hnd 

(C*) 

= -^(rk(cV„«F) + rk(C'V„«F') + rk(C"Va»<(C'"')) 

< (rk(CV«« (C) + rk(C")^„« (C") + rk(C"')/i„« (C'")) 

From this inequality, it is clear that fJ,a{C) < Hait) holds for all a, such 
that (ai,Q; 2 ) is sufficiently close to By the definition of the 

walls, the same must be true for all a, such that (q;i,q; 2 ) lies in the 
chamber Coo- D 

Next, we will include some observations regarding the relationship 
with Brill-Noether theory. (A survey on Brill-Noether theory which 
was also very helpful to the authors is [21].) Let a = {0,ai,a2) be a 
stability parameter, such that (q;i,q; 2 ) ^ Coo- Note that a holomorphic 
3-chain C of type t is a-stable, if and only if it is a-semistable. By 
Theorem 3.8, the moduli space Ma(t) is smooth, and, if non-empty, it 
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has dimension 

(m - lf{g - l) + {do - mdi) + {m - l){g - l) + g 

" -V-' 

= :/ 

+ 

(^{n - iy{g - l) + + (ndi - d 2 + {n - l){g - l) - . 

' -V-' '-V-' 

= :h =:c 

Recall the notation from Remark 6.12. In that notation, we dehne the 
morphism 

Ma{t) —^ W(n — 1 , 62 ) 

C = (.Eq, i?i, i? 2 ; 01 , 02 ) '-^ B 2 . 

Call a vector bundle E on X special, if both hP{E) ^ 0 and h^{E) ^ 0. 
Using the map <h and the dimension formula for we hnd the 

following result. 

Theorem 6.14 (Laumon [19]). Let r > 0 and I be integers. Then, the 
generic vector bundle E of rank r and degree I on X is non-special. 

Proof. By Serre duality, we may assume that I < r{g — 1). For these 
values, a vector bundle E of rank r and degree / is special, if and 
only if hP{E) > 0. Now, we may pick m, n, do, di, ^2 in such a 
way that r = n — 1, / = 62 = ^ 2 ( 5 ', 11 , di, ^ 2 ) (see Remark 6.12), and 
do > mdi. Our considerations, in particular Proposition 6.13, imply 
that the intersection of the image of <h with W{r, 1) consists exactly of 
the set of isomorphism classes of special stable vector bundles of rank 
r = n — 1 and degree / = 62 - One easily verihes that the dimension 
of any hber of $ over a special stable vector bundle is at least /. 
Therefore, the image has dimension at most h + c. Now, h is the 
dimension of W{r,l) and c is negative. This proves that the generic 
stable vector bundle is non-special. Since the generic vector bundle is 
stable, we are done. □ 

Remark 6.15. The above result is Corollary 1.7 in [19]. Of course, our 
proof is neither easier nor more natural than the one of Laumon, but 
it is a nice illustration of the strength of our results. Moreover, the 
morphism $ relates the geometry of the moduli space Xta(i) to the 
geometry of the Brill-Noether locus inside 7/(n — 1, 62 )- This enables us 
to derive fundamental properties of our moduli spaces from the basic 
results in Brill-Noether theory. 

Following Laumon, we let Wxr be the closed substack of vector 
bundles that do possess global sections inside the stack Bun]^^ of all 
vector bundles of rank r and degree / on X. 

Theorem 6.16. i) The stack Wx^ is irreducible. 

ii) For every r and every I > 0, there exist stable vector bundles of 
rank r and degree I with global sections. 
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Proof, i) This is [19], Corollary 5.2. 

ii) For I > n{g — 1), the existence of global sections follows from the 
theorem of Riemann-Roch. In the remaining range 0 < / < n{g — 1), 
Sundaram [26] shows that there exist stable vector bundles of rank r 
and degree I with global sections. (Of course, for / = 0, there are no 
stable vector bundles with global sections.) □ 

Remark 6.17. If / < r{g — 1), then the generic vector bundle in Wx^. 
has precisely one global section. This follows from [19], Lemma 2.6. 

Proposition 6.18. Assume that the type t = (m, 1, n; do, di, d 2 ) is sueh 
that 62 > 0 (see Remark 6.12) and do > mdi and that a = (0, 01 , 0 : 2 ) 
is a stability parameter with ( 01 , 02 ) G Coo- Then, the moduli spaee 
Ma(t) is a smooth connected projective variety of dimension 

[g — 1 ) (m^ + 1 + n'^ — m — n) + {do — mdi) + {ndi — ^ 2 ) + 1- 

Proof. Proposition 6.13 and Theorem 6.16 grant that Aio,{t) is non¬ 
empty. By Theorem 3.8, the moduli space is smooth of the indicated 
dimension. It remains to check that it is also connected. Since the 
semistable vector bundles form an open substack of the stack of all 
vector bundles, the stack of semistable vector bundles of rank r and 
degree I with global sections is still irreducible, by Theorem 6.16, i). 
Using this and the techniques from the proof of Corollary 6 . 8 , one 
easily constructs a connected parameter space for a-stable chains of 
type t. □ 

Remark 6.19. i) We remind the reader that the conditions 62 > 0 
and do > mdi are both necessary for the non-emptiness of the moduli 
spaces. The hrst one, because a semistable vector bundle of negative 
degree never possesses global sections, and the second one, because 
otherwise the interior of the parameter region is empty, by Remark 
6 . 2 . Observe that the existence problem for &2 = 0 has been left open. 

ii) Let I > 0 and d be integers and C W{r,l) the locus of 

stable vector bundles with global sections. Under the assumption that 
0 < / < r{g — 1), Hoffmann [16, Example 5.11] has recently shown that 
Wxj. is birationally equivalent to P® x 77° (X). Thus, the morphism 
<h introduced before will help in a more detailed investigation of the 
geometry of the moduli spaces of holomorphic chains. 

To conclude this example, we will again determine a region of pa¬ 
rameters, such that all moduli spaces associated to parameters in that 
region will be birationally equivalent. 

Proposition 6.20. Let a* = {0,a\,al), i = 1,2, be two stability pa¬ 
rameters, such that {a\, a^) G R{t) fl R 2 g- 2 , * = 1, 2, that do not lie on 
any wall. Then, Ma^(t) and Ma^(t) are birationally equivalent smooth 
projective varieties which either have dimension 

[g — 1 ) {mf + 1 + — m — n) {do — mdi) + {ndi — d 2 ) + 1 
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or are empty. 


Proof. We use the same discussion as at the beginning of the proof of 
Proposition 6.9. Note that we may always replace C" by an a^-stable 
subchain, i.e., we can directly require C to be a^-stable. 

In the respective notation we distinguish the two cases a) (rg, r^) = 
(m', l,n') with m'n' > 0 and {rQ,r'l,r'f) = (m", 0 ,n") with either 
m” ^ 0 or n" 7 ^ 0 and b) (rQ, r^, r^) = (ui', 0 , n') with either m' 7 ^ 0 or 
n' 7 ^ 0 and = (m", l,n") with m''n'' > 0 . 

In Case a), the C-linear chain ( 5 [o, 2 ] will appear in the decomposition 
of W 

into indecomposable chains. We easily see Hom((5[o,o], <^[ 0 , 2 ]) — C. 
Thus, 5[o,o] cannot occur in the decomposition of P", so that V" = 2 ] • 

The formula for x^Y" 1 ^') yields the value n'n" — n". We want this to 
be zero, so that we conclude n' = 1 and n" = n — 1. The rank type 
of V is thus (m, 1,1) and the rank type of V" is (0, 0, n — 1). This is 
again a possibility which is allowed by Theorem 4.16. 

Let C = (i?o, El, E 2 , 01 , 02 ) be an a^-stable chain of type {do, di, d' 2 , 
m, 1,1) and C" = (0, 0, i? 2 ! 0) 0) a°-semistable holomorphic chain 
of type (0, 0, (^ 2 ; 0, 0, n — 1). We have to evaluate the dimension of 
the locus of chains C which might be obtained as non-split extensions 
of a chain such as C" by a chain such as C. By the dimension for¬ 
mula Theorem 3.8, iv), the moduli space for a^-stable chains of type 
{do, di, d 2 , m, 1 , 1 ) has dimension + 

The moduli space of chains of type (0, 0, d'f, 0, 0, n — 1) agrees with the 
moduli space of semistable vector bundles of rank n — 1 and degree 
^2 and has dimension {n — Y{g — 1). Again, we hnd Hom(C'", C") = 
{0} = ^{C,C') (Proposition 3.5, iv), so that Proposition 3.2 gives 
dime(Ext C')) = {n — l)((ii — d' 2 ). All in all, the dimension of the 
locus we wish to describe is 


(gf — 1 ) {wf + l + n^ — m — 2n + l) + {do — mdi) -|- n{di — d' 2 ) + 1. (6.7) 


We have /Xq-o {C') = /io-o (C) which gives 

— (n—l)Q;i-|-(m-|-l)(n— 1 ) 0:2 = {n—l){do+di) — {m+2)d2+{m+n+l)d'2. 

( 6 . 8 ) 

Since 0 ° is supposed to he in the interior of the parameter region R{f), 
we must have 

Tl — 1 

(n—l)((io+di) —(m-|-2)(i2 + (^^+^^+l)d2 > -(ndo+^^di —(m-|-l)(i2) 

n 


that is 


nd '2 > d2. 


Together with Formula (6.7), this shows that the codimension of the 
flip locus in question is at least {n — l)( 5 f — 1) -|- 1. It, therefore, may 
be neglected. 
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Case b) follows immediately from Case a) by passing to the dual 
chains (see Remark 2.3, iv). The remaining flip loci are covered by 
Proposition 4.19. □ 


Remark 6.21. In (6.8), the maximal value of is di. Plugging di into 
that formula gives the equation for the line Liv- Likewise, one obtains 
the equation for the line Li (this is hidden in the argument with the 
dual chains). 


6.4. Moduli spaces for type (1, m, 1; do, di, ^ 2 )- In the examples 
above, we have merely used vector bundle techniques in order to ana¬ 
lyze the asymptotic moduli spaces. Here, we will discuss an elementary 
example where we make use of extensions in the category of hoionior- 
phic chains in order to gather interesting information on the geometry 
of the asymptotic moduli spaces. 

Let us recall the relevant inequalities from Proposition 5.3 that bound 
the parameter region R{t). 

Inequality 1. Using the test object (Uo,0,0), one arrives at the in¬ 
equality 

mai -|- q;2 > := (ni -|- l)do — di — d 2 . 

Inequality If. Testing a-semistability with the subchain {Eo,Ei,0) 
yields the inequality 


—mai + {m + l)a 2 > An := do + di — {m + l)d 2 . 

Inequality III. The subchain {Eo,E 2 = im{(j) 2 ),E 2 ) provides us with 
the inequality 


-2q;i 0:2 ^ Am : — —do -|- 


-di 


2m -I- 1 


m — 1 m — 1 
Inequality IV. Finally, one hnds the inequality 


do. 


— 2 q;i -|- 0:2 ^ ^iv •— 


2m -I- 1 


m — 1 


do + 


m — 1 


d\ — d2 


with the subchain (0, ker((;/)i), 0). 


Remark 6.22. i) If we wish that the interior of the parameter region 
R{t) becomes non-empty, then we must choose the numerical data in 
such a way that Am > ^iv holds true. This condition simply amounts 
to do > d 2 . 

ii) Inequality III and IV bound a strip in the (ai, Q; 2 )-plane. The re¬ 
maining inequalities provide the lower bounds for the parameter region 
R{t). Figure 7 illustrates the shape of the resulting domain. 

iii) Let us examine when the map o 02: E 2 — Eq is non-zero. If 
01 o 02 = 0, then we obtain the subchain (0, ker(0i), ^ 2 ). Noting that 
deg(ker(0i)) > di — do, the condition of a-semistability applied to the 
given subchain yields the inequality 


(m — 2 )q;i -|- 2(42 < 2(m -|- l)do — 2di — 2d2. 


(6.9) 
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Ly: Line where (6.10) becomes equality. 

Lvi: Line where (6.9) becomes equality. 

Figure 7. The parameter region for type (rg, ri, r 2 ; do, di, ^ 2 )- 

Alternatively, one may use the subchain (0, F ^2 — 02 (-£' 2 ) 5 -£' 2 )- This 
leads to the inequality 

(—m + 2)ai + ma 2 < 2do + 2di — 2{m + 1 )^ 2 - (6.10) 

The reader may check that Inequality I-IV together with either In¬ 
equality (6.9) or Inequality (6.10) cuts out a bounded region in the 
(tti, Q! 2 )-plane. Therefore, if the converse to either (6.9) or (6.10) holds, 
then 01 o 02 is non-trivial (whence a generic isomorphism). 

In Figure 4, we have already sketched the parameter region R{t) away 
from some bounded subregion and selected a chamber Coo- It is formally 
dehned to be the (unique) unbounded two-dimensional chamber whose 
closure intersects the line Lni where Inequality III becomes an equality. 
This dehnition involves that the converse to both (6.9) and (6.10) is 
verihed for the elements of Coo- 

Remark 6.23. In this example, one might also declare the unbounded 
two-dimensional chamber whose closure intersects the line Liy where 
Inequality IV becomes equality to be the chamber Coo- The reader may 
verify that techniques analogous to those presented in the following lead 
to a description of the relevant moduli spaces. 

Proposition 6 . 24 . Let a = (6,01,02) he a stability parameter, such 
that (01,02) G Coo, and let C := (F^O)-^2; 0 i, 02 ) he an a-semistable 
holomorphic chain of type ( 1 , m, 1 ; dg, di, ^2)- Then, C is a non-split 
extension of the holomorphic chain 

C" := C/C : 0 -. Qi := E,I4)2{E2) -^ 0 

by the chain 

C : E 2 E 2 = im(02) —^ E2{D) = Eg. 

Here, D is an effective divisor of degree do — d 2 , and Qi is a semistable 
vector bundle of rank m — 1 and degree di — d 2 . 
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Furthermore, 

dime (ExtC')) = {m — l)((io ~ '^ 2 )- 

Proof. Everything apart from the formula for dimc(Ext^(C'", C")) fol¬ 
lows from the definition of the line Lm and the adjacency of Coo to that 

line. 

First, note that Proposition 3.5, iv), grants that W‘{C",C') = {0}. 
Next, we obviously have Hom(C'",C") = {0}. Therefore, we find 
dimc(Ext^(C", C')) = —x(C",C"). Finally, we use Proposition 3.2 to 
compute x(C", C"). □ 

Again, we prove a partial converse to Proposition 6.24. 

Proposition 6.25. Assume that a = (0, oi, 02 ) is a stability parameter 
with {ai,a 2 ) G Coo- Let E 2 be a line bundle of degree d 2 , D an effective 
divisor of degree do — d 2 , and Qi a stable vector bundle of rank m — 1 
and degree di — ^ 2 - Set Eq := E 2 {D) and define the chain 

C" : 0 -^ Qi -^ 0 

as well as the chain 

C : E2 E2 Eo. 

Any non-split extension C of the chain C" by the chain C is an a-stable 
holomorphic 3-chain of type t = (1, m, 1; do, di, ^ 2 )- 

Proof. We £x a stability parameter = (0, ci^), such that 

lies on the line Lni, in the interior of the region described by the 
remaining Inequalities I, II, and IV, and in the closure of Coo- Let 
(7 be a chain as in the statement of the proposition. We start with 
the investigation of some special subchains. First, we recall that the 
subchain Ci := {Eq, 0, 0) is neither a- nor a^-destabilizing, because 
(oi, 0 : 2 ) and both he in the interior of the region from Figure 

1 . Next, we look at the subchain C2 '■= {Eq, E2, E2). The definition 
of the line Lm and the fact that (q;i,q;2) hes below that line imply 
that C2 does not a-destabilize C either. (However, we have fVa^{C2) = 
/Lq,m(C).) As the third subchain, we define C3 := {Eo,E2,0) and we 
ask whether the inequality 

do T d2 T Oil do di d2 T mcni T 012 
2 ^ m -I- 2 

is verified, that is, if 

(m — 2 )q;i -|- 2 q ;2 > mdo — 2 di -|- md2 

holds true. As we have pointed out after Remark 6.22, the definition 
of the chamber Coo involves the inequality 

(m — 2 )q;i -|- 2q;2 > 2 (m -|- l)do — 2 di — 2d2. 
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One checks that the necessary condition do > d 2 implies 

2 (m + l)do — 2di — 2^2 > mdo — 2di + md 2 , 

so that we may conclude that C 3 isn’t an a-destabilizing subchain for 
C. The same conclusion applies with respect to . 

Now, let C = (Fo, Fi, F 2 ) be any subchain of C. Then, we write the 
vector bundle Fi as the extension 

0 -> E 2 n F\ -> F\ - Qi -> 0. 

First, we suppose that Fq and F 2 are both trivial. Then, F 2 nFi = {0}, 
so that we may view Fi as a subsheaf of Qi- It is a proper subsheaf. 
Otherwise, we would have Fi = F 2 ®Qi- But, since Fi obviously agrees 
with ker((;/)i), this implies C = C ® C", contradicting our assumption. 
Therefore, since Qi is stable, 

= /i(Fi) + < /x(Qi) + = /iQ,M(C*). 

In the remaining cases, we may write the chain C as an extension of 
the chain (0, Qi, 0; 0, 0) by one of the subchains Oi, O 2 , or O 3 . Since 
Qi is a stable bundle, we hnd 

h(Qi) T T ~ 

Using the results on the subchains Ci, C 2 , and O 3 (and the fact that 
Qi will be a proper subbundle of Qi in the case of the chain O 2 ), one 
checks that 

{C) 

is verihed. As in the proof of Proposition 6.7, we easily derive the 
assertion of the proposition. □ 

Our discussions yield the following information on the moduli spaces 
which belong to a stability parameter in the chamber Coo- 

Corollary 6.26. The moduli space Ma(i) for a = (0, oi, 02 ) and (oi, 
^ 2 ) £ Coo is a connected smooth projective variety of dimension 

(m -lf{g-l)+g + m{do - ^ 2 )- 

It is birationally equivalent to a -bundle over the product x 

Xido-d2) 

X W{m — 1, di — d 2 ) of the Jacobian of degree do line bundles, 
the {do — d 2 )-fold symmetric product of the curve, and the moduli space 
of stable vector bundles of rank {m — 1) and degree {di — ^ 2 ), N := 
{m - l)(do - ^ 2 ) - 1. 

Proof. The smoothness follows again from the fact that all a-semistable 
3-chains of type t are o-stable and Theorem 3.8, v). Proposition 6.24 
and 6.25 establish the assertions about the dimension and the birational 
geometry. The irreducibility of the moduli space may be proved along 
the same lines as Corollary 6 . 8 . □ 
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Remark 6.27. The reader may try to find the result by just using ex¬ 
tension techniques for vector bundles. That approach doesn’t seem to 
work properly. 

Proposition 6.28. Let a* = * = 1)2, be two stability pa¬ 

rameters, such that (aj, a^) G R(t) fl R 2 g- 2 , i = 7,2, that do not lie on 
any wall. Then, M.a^{t) and M.ofi{t) are birationally equivalent smooth 
projective varieties which either have dimension 

(m -lf{g-l)+g + m{do - ^ 2 )- 

or are empty. 


Proof. We use the set-up described at the beginning of the proof of 
Proposition 6.9. This time, there are the cases a) (Rq, r\, rf) = (0, m', 1) 
and (rQ,r",r 2 ) = (l,m", 0 ) with m'm" > 0 , b) (rQ,rj,r 2 ) = (l,m', 0 ) 
and (rQ,r",r 2 ) = ( 0 ,m", 1 ) with m'm" > 0 , c) {r'Q,r'^,r' 2 ) = 1 ) 

and (rQ,r",r 2 ) = ( 0 ,m", 0 ) with m'm" > 0 , and d) (rQ,rj,r 2 ) = 
( 0 ,m', 0 ) and (Vo,r'/,r 2 ) = 1 ) with m'm" > 0 . 

Recall that we would like to first determine the cases when the map 
b from (3.3) may be an isomorphism. This requires x{R" 1 R') = 0 
Hom(l/",W) = {0} (Lemma 4.10). In Case a), we have x(R", W) = 
m'm". This is never zero, so that this case needs not be considered. In 
Case b), we have xiy"i R') = m'm"—m. This is non-zero except for the 
case m = 4 and m' = 2 = m". In that case, the decomposition of both 
V' and V" contains the linear chain whence IIom(I/", V'') 7 ^ {0}, 
and that excludes this case, too. 

In Case c), we have x(W', R') = 0 and Hom(R", R') = {0}, if and 
only if m' = 1 and m!' = m — 1. The a^-semistable chains C' of 
type (1,1,1; do, dj, ^ 2 ) have a {g -\- do — d 2 )-dimensional moduli space 
whereas the a^-semistable chains of type (0, m — 1, 0; do, d'{, ^ 2 ) have an 
((m — 1 )^( 5 ' — 1) -|- l)-dimensional moduli space. For these chains, we 
compute that Hom(C'", C") = {0}, W‘{C'',C') = {0}, by Proposition 
3.5, and that dimc(Ext^(C", C")) = {m — l)(do — dj), by Proposition 
3.2. The dimension of the locus of chains C that may be written as 
an extension of a chain C" as above by a chain C' as above thus has 
dimension 


(m -lf{g-l)+g + {do - d 2 ) + {m - l)(do - d)). 

We obviously have d 2 < d) < do. If d( = d 2 , then has to lie on the 
line Lin, and we exclude that. Thus, we see that the flip locus under 
investigation has proper codimension. 

Case d) reduces immediately to Case c), by passing to the dual chains 
(Remark 2.3, iv). Together with Proposition 4.19, these considerations 
imply our contention. □ 


Remark 6.29. Again, we emphasize that the walls B{t',t'') from Defi¬ 
nition 4.8 comprise the walls Lni and Liy. 
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6.5. Concluding remarks regarding the parameter region and 
the birationality region. In Definition 4.8, a certain region R{t) in 
the plane has been defined, so that non-empty moduli spaces be¬ 
longing to parameters in the same connected component of the region 
R 2 g -2 n R(t) are birationally equivalent. In the proofs of Proposi¬ 
tion 6.9, 6.20, and 6.28, we have seen that the definition of R{t) is 
not optimal. Indeed, there are many walls in such that the 

moduli spaces in two open chambers adjacent to such a wall are still 
birationally equivalent. It would be interesting to know, if the relevant 
computations may be performed in greater generality in order to arrive 
at better results (cf. Remark 4.21). 

Another interesting feature, at which we pointed in Remark 6.10, 
6.21, and 6.29, is that the walls that bound the parameter region belong 
to those defined in Proposition 2.4 and, more generally, to those of the 
form B{t', t"). This observation might help to find the a priori region for 
parameters with non-empty moduli spaces in more general situations, 
i.e., for chains of greater length or eventually more general quivers as 
considered in [2, 24]. 
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